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Mathematics in general education 


H. C. TRIMBLE, Jowa State Teachers College, Cedar Falls, Towa. 


General education is herein presented 


as an avenue which leads to liberal or special education. 


I SHALL DIVIDE my remarks into two 
categories. First I shall speak of the needs 
of society for more and better mathematics 
for general education. I shall limit the 
phrase general education in contrast to 
the phrases liberal education on the one 
hand and special education on the other 
hand. Then I shall speak of the needs of 
our pupils for mathematics for general 
education. I shall comment upon the 
problem of individual differences as it 
affects the potential learner. 

It seems evident to me that the new 
industrial revolution will increase still 
further the demand for symbol-minded 
people. In an age of automation the de- 
mand for skilled labor increases. But the 
skills that people need to repair and pro- 
gram the machines are based upon ability 
to acquire and use new symbols. 

The cookbook of the future will be 
much more complex than the cookbook of 
the past. The new cookbook will call for 
translating the symbols of mathematics 
into punches on a card, open or closed 
relays, and zigzag lines on a roll of graph 
paper. 

More people will be needed to write 
the cookbooks of the future. These are 
the people who apply principles of science 
to devise new recipes for the cooks to 
follow. They must be well grounded in 
science; they must think in terms of 
isomorphisms between mathematical proc- 
esses as integration and physical processes 
as summing the elements of work done 
' by a variable electrical force; they must 
be skillful in explaining to the cooks the 
steps that produce the cake. To continue 


our metaphor, society will need more and 
better chefs. 

Finally, society will need more epicures. 
Someone must savor the almost limitless 
set of permutations of ingredients and 
come up with promising new combina- 
tions. These are the pure scientists— 
sall them artists if you will—who find 
form and logical structure where most of 
us find only raw data. 

Now, what of the education of these 
citizens of the future? We have heard 
many claims for a liberal education that 
“frees the minds of men.” I believe that 
the potential epicures will surely need 
such liberal education. The chefs will 
need a liberal education too, so will the 
cooks, if they are to contribute maximally 
in a free society. I believe that liberal 
education should take different forms for 
different people. Although its purpose is 
to free the minds of men, I believe liberal 
education should be grounded in religious 
and ethical traditions; that is, real free- 
dom operates within a framework of 
values that society has learned the hard 
way. 

I believe that general education is dif- 
ferent from liberal education. Probably 
the three adjectives liberal, general, and 
special, as applied to education, symbolize 
a spectrum. It may be impossible to say 
precisely where liberal education leaves 
off and general education begins. Yet the 
mid-points of the two bands of the spec- 
trum are clearly distinguishable. Liberal 
education should strive to promote in- 
dividuality within a _ slowly-evolving 
framework of ethical and moral values. 
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General education should strive to make 
the individual a well-informed member of 
his social group. This means keeping lines 
of communication open! The individual 
should view the role he piays in relation to 
the roles that others play. His education 
should continue throughout his lifetime 
as he uses much of his leisure time to 
make his contribution to his social group. 

This concept of general education leads 
many amateur philosophers to view the 
task of general education as primarily a 
job of instilling social attitudes. They con- 
centrate upon making the pupil a member 
of a social group. The approach to the 
task often becomes a head-on attack upon 
the pupil’s attitudes. Course content be- 
comes a secondary consideration. Subject 
matter becomes at best a vehicle for build- 
ing social values. 

To conceive general education primarily 
in terms of attitudes misses, I think, an 
important point. Children acquire lan- 
guage skills faster than adults do. It is 
all very well to have good social attitudes. 
To be a well-informed member of a social 
group takes more than this. Language 
skills are needed; in particular, the citizen 
of the future will need more and more of 
the language of mathematics. 

I think that those educators who claim 
that what you study is less important 
than how you study it, have a good point. 
Many scientists, including Professor Co- 
nant, have recommended that an induc- 
tive study of a few problems of science 
should replace the familiar, deductively 
arranged, survey courses in science for 
general education. There is a great deal 
of evidence that in content fields like 
literature, social science, and natural 
science, one set of topics may serve the 
purposes of general education as well as 
another set of topics. 

The point where this carefree choice of 
subject matter breaks down, it seems to 
me, is the point where you begin discussing 
language skills. Of course you can learn 
something about the English language by 
discussing home management. I believe 


there are other things about English 
that you can learn only by a conscious, 
organized study of English as such. 

In our own area of mathematics we 
went through a period of teaching junior 
high school pupils what we called func- 
tional mathematics. In the 1930s this 
meant mathematics that would operate 
(or function) in everyday life. We taught 
topics like budgeting and insurance, with 
a little number work dragged in by the 
heels. Unfortunately, many textbooks in 
current use continue this tradition. 

When you try to teach mathematics in 
this way, you find that it doesn’t work. 
It is easy to understand insurance when 
you understand ratios; but pupils do not 
learn much about ratios as they study 
insurance. At best, students learn to 
figure premiums from the data the text- 
book problems present. But when you 
change the topic (or even the wording of 
the problems) ever so slightly, you must 
begin teaching the pupils “how to do it” 
all over again. 

The newer organization of junior high 
school mathematics is around “key concepts 
and underlying principles” of mathemat- 
ics, concepts like place value, comparison 
by subtraction and by ratio, and the like. 
Of course you approach these concepts 
through problems; but you choose prob- 
lems much more interesting to the children 
than the problems in budgeting, taxation, 
and insurance that the older textbooks fea- 
tured. Once the basic mathematical ideas 
have been taught, it is easy to apply them 
to these more adult topics. 

I do not deny that there is content in 
mathematics for general education. I 
believe there are things everyone should 
know, but I believe these things are best 
thought of as concepts and that language 
adapted to expressing these concepts is re- 
quired. If you say everyone must be able 
to compute his income tax, I believe you 
miss the point. You should say, rather, 
everyone should have the concepts and 
symbols that he needs to follow the direc- 
tions for computing his income tax. 
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When you apply this principle to or- 
ganizing a college program of mathematics 
for general education, you get some star- 
tling results. Some people have said every- 
one needs trigonometry; then they felt 
obliged to teach trigonometry as you 
would teach it to a future surveyor. We 
should say, rather, every college student 
should be able to read a lucid set of direc- 
tions for solving an oblique triangle. You 
see at once that he will need to have con- 
tact with the trigonometric functions, so 
you help him to extend his concept of 
ratio to include trigonometric ratios. Then 
you guide him through a few typical ap- 
plications of trigonometric ratios. 

Some pupils will come to life in such a 
program of mathematics for general 
education. They will find a starting point 
for the kind of liberal education that fits 
them, or they will find a line they want to 
follow as a specialist, whether as a voca- 
tion or as a hobby. Most pupils will merely 
learn the communication skills that they 
need to keep in touch with their more 
mathematically-minded colleagues. 

So the purposes of mathematics for 
general education, as I see them, are: 

a) to give the learner leads that he may 
or may not follow toward further 
liberal or special education; 

b) to give the learner the language 
skills that he needs to be a well- 
informed member of his social group. 

I pass now to the kind of program of 
mathematics for general education that I 
think is most likely to achieve these pur- 
poses. 

Some of my friends agree with the pur- 
poses I have stated and with the rationale 
that I have used as a build-up for these 
purposes. Then they say, “‘Let’s go to work 
to build the language skills that a well- 
informed citizen needs.” They come up with 
a basic skills type of course. They define 
the symbols of mathematics carefully. 
Then they provide lots of drill materials 
to give the pupils practice in applying 
these symbols. 

My objection to basic skills courses in 


college mathematics is based upon my 
experience that they do not work. The 
most able pupils find them boring. The 
less able pupils find them an even less 
comprehensible repetition of things they 
didn’t understand before. 

Others of my friends avoid the basic 
skills course for somewhat the reasons I have 
stated. They look for a fresh approach 
through topics in modern mathematics, 
tracing the history of a mathematical 
idea, or the like. I like this approach. 
It can be stimulating for both the teach- 
er and the pupils. It is much more likely 
to provide leads toward further liberal 
or special education than is a basic skills 
course. If the teacher does a good job, 
the pupils will acquire some of the lan- 
guage skills they need; they will develop 
attitudes conducive to continuing to learn 
after they have completed the course. 

In practice, these fresh approaches to 
mathematics for general education have 
often run into snags. The most common 
snag is a result of trying to teach too little 
about too much. The pupil ends up with 
a great deal of undigested information. A 
second snag is a result of trying to teach 
running to pupils who have not yet 
learned to walk. Abstractions are made 
by people who have something to ab- 
stract from. I have heard pupils use the 
term abstrocity to describe what were, to 
me, beautiful generalizations. A third 
snag is the result of following too far an 
idea that interests the teacher or the text- 
book writer. The pupils easily lose sight 
of the trees as they examine the forests. 

I believe that a good program of mathe- 
matics for general education will deal with 
problems that are new to the pupils. The 
heart of the course will be a reaching out 
for language that is appropriate to an 
adequate formulation and solution of a 
problem. The pupil should be made a 
partner in this search for language. Only 
in this way can he acquire an appreciation 
for the elegance of the language of mathe- 
matics. 

Once a pupil begins to enjoy finding a 


4 The Mathematics Teacher | January, 1957 





. 


language in the terms of which he can 
express ideas, teaching becomes easier. 
You can teach this pupil more of the lan- 
guage of mathematics per unit of avail- 
able time, and you should try to select 
from the vast store of such language the 
portions most likely to be useful to a well- 
informed citizen. 

This brings me to my final task of com- 
menting upon the problem of individual 
differences. A teacher of mathematics for 
general education must accept the fact of 
individual differences and plan accord- 
ingly. 

In the reaim of special education, ad- 
ministrators tend to assign teachers to 
their areas of special competence. Then it 
becomes easy for the teacher to conceive 
his job. With rather good justification, he 
assumes that his pupils know nothing 
initially..He defines a successful pupil as 
one who finishes the course knowing most, 
but not quite all, of what he himself 
knows. 

This way of work doesn’t fit the de- 
mands of general education. Pupils come 
to a college course in mathematics for 
general education with widely different 
backgrounds. As a result, they differ in 
what they know, what they believe is 
worth knowing, how they try to learn, 
and, to be brutally frank, what they are 
capable of learning. In general education 
it is surely true that “one man’s food is 
another man’s poison.” 

Under these conditions it seems to me 
that the simple, absolute standards of 
special education become ridiculous. To 
preserve his sanity, if for no other reason, 
the teacher of general education must 
learn to roll with the punch. He does what 


he can with the pupils he gets. This is a 
serious and difficult assignment. It means 
withholding A grades from students who 
knew a great deal initially and didn’t 
learn much more. It means providing 
things that these advanced students may 
reasonably be expected to learn to earn 
their A grades. At the same time it means 
pacing class activities to give retarded 
pupils the feeling of security that they need. 

So the problems upon which the good 
program of general education are based 
must be broad enough to provide useful 
activities for pupils at all of the levels of 
development represented in the class. 
Within these problems the teacher must 
clearly define a minimum core of informa- 
tion and skill that he expects every pupil 
to acquire. Within these problems the 
teacher must find leads that go beyond 
the core in different directions, and to 
different depths, to interest and challenge 
individual pupils. 

It seems obvious that each college will 
need to pitch its mathematics for general 
education at a level appropriate to its 
own student body. Even when this has 
been done, there will be wide differences 
from pupil to pupil in what they bring to 
the course and in what they take from 
the course. 

Despite these limitations, the purposes 
of mathematics for general education are 
invariant from college to college, and from 
pupil to pupil within a class. Each pupil 
should be expected to acquire as much as 
he can of the concepts and language of 
mathematics that a well-informed citizen 
needs. Each teacher should be expected to 
help individual pupils find leads toward 
further liberal and/or general education. 
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A mathematics record card 


CLARENCE OLANDER, St. Louis Park High School, 


St. Louis Park, Minnesota. 


An adequate system for keeping records forms the basis 


of good counseling programs, research studies, and curriculum studies. 
This paper describes the efforts of one group of teachers 
to develop a good system for keeping a record 


IN MATHEMATICS, as well as in other areas 
of the curriculum, students differ in many 
, ways. There are differences in mental 
ability, achievement, rate of learning, ap- 
parent ability, readiness for new learning, 
interests, attitudes, and study habits. 
These differences exist for a variety of 
reasons, among which are such personal 
factors somewhat beyond the influence of 
the school as home environment, and 
physical and mental health. Recognizing 
the existence of these individual differ- 
ences is of itself inadequate. The schools 
must be prepared to answer such questions 
as the following: What are ways of provid- 
ing for individual differences? How shall 
the slow pupil acquire new skills? What 
techniques and activities are most effec- 
tive in challenging the more capable stu- 
dents? 

A quick review of the literature will re- 
veal methods that have been effective in 
providing for individual differences. Su- 
study, differentiated assign- 
ments, group organization and group 
instruction within the class, individualized 
instruction using self-instructional ma- 
terial, enrichment activities for the ca- 
pable student, homogeneous grouping, 
remedial classes, the project method, and 
the provision of a dual or multiple cur- 
riculum are methods that have been used 
more or less successfully at one time or 


pervised 


of the students’ achievements. 


another. However, regardless of the meth- 
ods used, the basic premise still remains: 
the teacher must know the pupil. 

It is the purpose of this paper to de- 
scribe a mathematics record card that is 
currently being used by the mathematics 
department of the St. Louis Park High 
School. This record card provides each 
teacher at the beginning of the year with 
information necessary to determine the 
status of each pupil in his class with re- 
spect to achievement, ability, needs, and 
several other factors. This record card, 
as reproduced here, will show the record 
of a student throughout his mathematics 
career in grades seven to twelve. All 
cards are filed in a central location at the 
end of the school year to be available for 
each teacher to pick up cards for all his 
mathematics students at the beginning of 
each year. Seventh grade teachers have 
the responsibility of preparing a new card 
for each student entering seventh grade. 
A card must be prepared for a student 
coming into the system at any level. After 
graduation, or after a student has stopped 
taking mathematics courses, his card is 
placed in the student’s cumulative record 
folder in the counselor’s office. 

Each teacher adds relevant information 
to the card during the course of the school 
year. For example, if an intelligence test 
is administered by the counseling depart- 
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ment in grades seven and ten, the teachers 
in these grades look up the results and 
record them on the cards. 

Some of the information presented on 
the card is of an objective nature, such as 
test scores, while other information is 
more subjective and requires teacher 
judgment. Blank spaces are provided so 
that teachers may make note of informa- 
tion not specifically requested on the rec- 
ord card itself. Thus, as the student 
progresses through the junior and senior 
high schools, more and more information 
is added. By the time the student reaches 
the upper grades, the teacher has a rather 
complete and comprehensive record of 
each student. This is invaluable in pro- 
viding for individual differences as well as 
in providing data useful for several other 
purposes. In compiling a record such as 
this, each teacher shares in the busy work 
and thereby obtains maximum informa- 
tion with a minimum of effort. Further- 


SCHOOL MATHEMATICS RECORD CARD 





Elementary 


Grade and Course School Date 


more, the subjective judgment of several 
teachers appears on each card. This is 
desirable since it provides a consensus of 
opinion regarding each student. 

The test scores recorded on the cards 
are the result of well-designed testing 
programs. The counseling department 
conducts a comprehensive testing pro- 
gram throughout the year. Those scores, 
such as scholastic ability, which are con- 
sidered most appropriate and useful for 
mathematics teachers are recorded on 
the cards by the teachers at the level at 
which the test is administered. The results 
of many other tests are available in the 
counselor’s office. However in order to 
keep the mathematics record card as sim- 
ple as possible, and still have it remain 
useful, all scores available in the counse- 
lor’s office are not recorded. 

In addition to the testing program of 
the counseling department, the mathe- 
matics department conducts a testing pro- 
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gram of its own. Currently this program 
is in the early stages of its development. 
The present program consists of an arith- 
metic skills test and a functional com- 
petence test. The basic skills test is given 
at the beginning of each school year to all 
students in grades seven to nine. The 
functional competence test is given to all 
ninth-grade students at the beginning of 
the year. Consequently the results of 
these tests are available to the teachers 
early in the school year. At St. Louis Park 
High School, the testing program is sup- 
plemented by standard tests given by in- 
dividual teachers. Most teachers in the 
junior high school give a basic skills test 
at the end of the year. Most of the algebra 
and geometry teachers use a standard 
test in these areas as a final achievement 
test. Many of the students in the senior 
high school mathematics courses are given 
a basic skills test. In a few instances, an 
algebra test is repeated a year after the 
students have completed elementary al- 
gebra to measure retention. Some students 
are given an algebra aptitude test in the 
eighth grade. This test will probably be 
given to all eighth-grade students within 
the near future as part of the testing 
program. 

It is not our purpose to discuss the 
testing program as such, but rather to 
give the reader an idea of some of the 
different kinds of test scores that are 
recorded on the card. Obviously, the in- 
formation available will not be the same 
for all students. Some teachers will ob- 
tain more scores and information than 
others. However, certain data will be 
available on all students. This will in- 
crease as the testing program becomes 
more comprehensive. 

To obtain maximum benefits from this 
record card, the test results must be re- 
corded in a form which will be meaningful 
to each teacher. Local percentile norms 
are being prepared for the basic skills 
test and functional competence test. 
Standard scores are available for the 
achievement tests. The teacher simply 


records a numerical score on the card. 
This may be a raw score, standard score, 
or a percentile rank. A supplementary 
sheet is prepared each year to accompany 
the mathematics record cards. This sheet 
lists all the tests that have been adminis- 
tered along with pertinent standardization 
data. This includes percentile norms, 
means, medians, standard deviations, 
standard scores, and standardization pop- 
ulations. Eventually local norms will be 
prepared for most tests that are used, 
thereby simplifying the entire process of 
recording and interpreting the scores. 

The test scores that are included on the 

record card enable teachers and adminis- 
trators to group students in such a manner 
that individual differences can be pro- 
vided for effectively. Other objectives can 
also be realized through a testing program 
and record card system of this type. These 
objectives include: 

1. To provide data concerning the re- 
tention of certain facts, skills, and 
abilities in the areas of arithmetic, 
algebra, and geometry. 

. To provide data through which 
growth in certain skills and compe- 
tencies may be measured. 

. To determine the influence of certain 
courses such as algebra and geometry 
on the retention of certain basic skills 
of arithmetic. 

. To determine the influence of geom- 
etry on the learning and retention of 
algebra and the influence of advanced 
algebra on the retention of geometry. 

5. To determine the influence of general 
mathematics courses at different levels 
on the development and retention of 
topics included in the areas tested. 

3. To provide data through which the 
achievement of students in the tradi- 
tional mathematics sequence can be 
compared with students in various 
general mathematics courses in com- 
parable areas such as basic skills. 

. To provide data whereby the effec- 
tiveness of different methods of curric- 
ulum organization can be compared. 
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. To determine the level of difficulty 
of certain aspects of the high school 
mathematics program. 

. To provide students, teachers, and 
counselors with information about stu- 
dents to be considered in educational 
and vocational planning. 

. To assist schools to identify early in 
a student’s academic career anyone 
who has talent for further academic 
work. 

. To provide to educators a continuous 
inventory of the achievement of stu- 
dents so that criticisms directed at 
public education may be answered 
with objective evidence. 

. To provide data for the study of the 
science of predicting success in mathe- 
matics. 


A study of these objectives will make 
apparent the fact that data must be ob- 
tained and recorded for a period of several 
years before significant results can be 
obtained. However, certain interesting 
comparisons can be made on the basis of 


data obtained after a period of one or 
more years. 

In addition to the various test scores 
discussed above, other information is also 
reported on the record card. Each teacher 
makes an estimate of the student’s ap- 
parent ability. This estimate is based on 
aptitude and achievement test scores, 
achievement in previous grades, and 
teacher observation of the student in- 
volved. Final achievement grades (marks) 
are recorded for each student. By comparing 
apparent ability and actual achievement, 
the teacher can reach a conclusion concern- 
ing how well a student is achieving com- 
pared with his ability to achieve. 

Provision is made on the card for record- 
ing strengths and difficulties of each stu- 
dent. These categories do not have to be 
filled out for all students. If a student is 
extremely weak in one area, such as di- 
vision of fractions, this fact should be 
recorded. Appropriate steps involving re- 
medial teaching can then be taken by his 


present or subsequent teacher to clear up 
the difficulty. A sound program of diag- 
nostic testing will be useful in discovering 
these specific weaknesses. 

The information on vocational plans 
will help a teacher determine if the stu- 
dent’s interests are consistent with his 
abilities. Course work in some mathe- 
matics classes can often be adapted to 
the vocational plans of the students. A 
record of the projects that a student has 
completed can be useful in arranging for 
further individual activities on the part 
of the student. This will also be useful in 
determining specific interest of students. 

A space on the record card is provided 
for the name of each teacher and the year 
the student takes a course. Since several 
different courses are available in grades 
nine to twelve, the name of the course is 
listed after the grade. The vertical lines 
in the spaces following “Basic Skills” 
divide these spaces so that scores can be 
recorded for tests administered both at 
the beginning and the end of the year. 
The card does not supply any personal 
data other than the name of the student. 
Complete personal records of the students 
are available in the counselor’s office. 

This record card is useful in assisting 
teachers to prepare forms and letters of 
recommendation for their former students. 
Colleges and prospective employers re- 
quest material of this kind but teachers 
often lack relevant data. The record card 
system described in the above paragraphs 
insures the availability of such data. 

The use of this record card has focused 
the attention of the mathematics faculty 
on the desirability of a sound testing pro- 
gram. It has resulted in renewed attention 
on the problem of individual differences. 
The work involved in the compilation 
of the record card is more than compen- 
sated for by the benefits derived from 
such a card system. In the future, the 
card may be modified to implement 
changes suggested by the teachers. Pos- 
sibly suggestions from the reader would 
make the card more satisfactory! 
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Mathematical science 


and the manpower problem 


RAYMOND J. 


SEEGER, National Science Foundation, Washington, D. C. 


A scientist asserts that “ ... the problem of teaching mathematical science 
is primarily a problem of understanding mathematical science.”’ 


EVERYONE IS AGREED that there is a 
serious manpower problem with respect to 
science. As you know, I am not an expert 
on manpower. Being a physicist, however, 
[ do have two personal convictions in this 
regard. First, the manpower problem with 
respect to science is essentially a problem 
of teaching science, particularly, mathe- 
matical science; and secondly, the prob- 
lem of teaching mathematical science is 
primarily a problem of understanding 
mathematical science. 

Modern times are popularly called the 
atomic age—to be they cannot 
properly be designated a scientific age. 
There is, indeed, a widespread failure to 
differentiate between science and tech- 
nology, between basic research discoveries, 
such as the identification of nuclear energy, 
and later applications, such as atoms for 


sure, 


bombs and atoms for peace. Associated 
with this translation of scientific informa- 
tion into technological use, there has been 
a continually increasing demand for 
specialists, both scientists and engineers, 
and, in turn, an increased use of such 
specialists. For example, while the U. S. 
population' has doubled since 1900 and 
the number of professional specialists 
has quadrupled, the demand for the 
number of engineers has increased five 
times as fast as the population and the 
demand for scientists ten times. Increased 


educational programs, moreover, have 


1 All U.S.A. statistics here are from D. Wollfle, 
America’s Resources of Specialized Talent (1954). 


not been adequate for satisfying this ac- 
celerated demand. It is true that the 
number of college graduates (as a per 
cent of the population aged 22) increased 
from seven to eight times between 1900 
and 1950, but the corresponding number 
in the humanities has a little more than 
trebled, and that in the natural sciences 
has increased only about five times. 

Although a comparison between U. 8. 
professional personnel and those in the 
U.S.S.R. should never be regarded as a 
guide line for the development of our own 
country, from a national point of view 
pertinent figures? cannot be ignored. In 
this instance, they turn out to be not at 
all encouraging. In 1953-54, although the 
Soviet Union had only about 60% as 
many graduates as the United States, 
60% of them were in engineering and the 
sciences, whereas less than 25% of the 
graduates in the United States were so 
classified. With regard to total profes- 
sional graduates, the Soviet Union had 
about 80% more agriculturists than the 
United States, about twice as many en- 
gineers, and about three times as many 
physicians. 

All in all, as far as engineering and the 
sciences are concerned, there has been a 
steadily growing shortage of qualified 
specialists in our country. ao 

One would naturally turn to the source 
of specialists for a remedy, namely, to the 


2 All U.S.S.R. statistics here are from N. DeWitt, 
Soviet Professional Manpower (1955). 


10 The Mathematics Teacher | January, 1957 


teachers. Here, too, unfortunately there 
is a continuing shortage. An annual 
deficiency of more than 60,000 teachers is 
now estimated for elementary and sec- 
ondary schools. By 1970 the college stu- 
dent population is expected to be twice 
what it was in 1950. This pleasant pros- 
pect, however, is offset by a serious faculty 
shortage that will probably develop in the 
colleges as early as 1960, a condition that 
has been aggravated in recent times by 
the low-salary scale and by the low-pres- 
tige value associated with the teaching 
profession. Here, too, a comparison be- 
tween the Soviet Union and the United 
States is discouraging. Although the 
number of education graduates in mathe- 
matics and science in the Soviet Union is 
only about one half of those in the United 
States, the majority of these graduates in 
the Soviet Union actually become science 
teachers, whereas in the United States 
only about half of them do so. Moreover 
at present, many such U. 8. teachers are 
being enticed into industrial and govern- 
ment employment. Thus there is a steadily 
growing shortage of qualified teachers, a 
shortage at the very source of the supply 
of specialists—hence my personal con- 
viction that the manpower problem with 
respect to science is essentially a problem 
of teaching. Let us, therefore, consider 
now the teaching situation itself. 

Dr. James B. Conant has urged that 
“to find and educate the gifted youth is 
essential for the welfare of the country. 
We cannot afford to leave undeveloped 
the greatest resource in the country.” In 
this connection, I am reminded of Alan 
Greg’s cow test for identifying gifted 
youth. You say to a child, “Suppose you 
call the tail of a [four-legged] cow a leg, 
how many legs will the cow then have?” 
If the child replies immediately, ‘Five,” 
encourage him to take mathematics. If 
he observes that it doesn’t make any dif- 
ference what you call a tail, “It is still a 
tail,’ suggest science as a career. If he 
hemseand haws and finally comes up with 
an answer like seven or eight, plead with 


him not to go into science or engineering. 
If, however, with a twinkle in his eye he 
says that the question is a good one, 
mentally note that he will become an 
administrator. 

Let us turn our attention first of all to 
the question of ability, specifically with re- 
spect to identification and encouragement. 
It is a well-known fact that intellectual 
accomplishment is generally associated 
with high intelligence—not surprising in 
view of the fact that the words intellect 
and intelligence both come from the 
same root words inter legere, meaning 
to choose between, to discriminate. Out- 
standing scientific achievement, too, is 
definitely associated with high intelligence. 
The primary problem, therefore, is one of 
quality rather than one of quantity; not 
so important how many, as who. I know 
of no specific number of second-class 
mathematicians that can be regarded as 
qualitatively equivalent to one first-class 
mathematician. Evidently there is a pri- 
mary need for identifying gifted children 
as early as possible. 

Once the identification has been made, 
the next step is appropriate encourage- 
ment. It is distressing to realize that in 
this country less than half of the high 
school graduates who are potential college 
graduates even enter college. Less than 
one-quarter of high school graduates ever 
become college graduates. Less than half 
of the high school graduates in the upper 
quarter of their class become college 
graduates;- only 60%, indeed, of high 
school graduates in the top 5% of their 
class graduate from college. If more highly 
intelligent people are to be secured in the 
professions, first of all more of them must 
be encouraged to go to college. It is im- 
portant to keep in mind that equal op- 
portunity does not necessarily signify 
identical opportunity. In this case, in- 
deed, opportunity should preferably be in 
proportion to ability. How, then, does one 
identify ability? 

I must confess certain deeply rooted 
prejudices about common practices in 
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this regard. In so much of our training 
we are concerned with seemingly irrele- 
vant questions: for example, ‘Who is your 
father?” “Is he not a carpenter?” When I 
was a graduate student, I heard a pro- 
fessor of eugenics speak on the subject, 
“Who Shall Inherit the Earth?’ His 


answer included the children of the gen- 
erals and the admirals, of the statesmen 
and the businessmen, of the doctors and 
the lawyers, of the preachers and the 
professors, et al. When he finished, there 


rose an old man—a newspaper editor and 
former ambassador to China—who said, 
“Mr. Professor, you are right; those are 
the people who will inherit the earth. I 
will now tell you about the people who 
will take it away from them: the sons and 
daughters of the Irish charwomen on 
State Street.”’ 

From time to time I have jokingly in- 
quired of my astronomy friends as to 
potential astronomers among American 
Indians (cf. the Cherokee Sequoia) in 
view of their evironmental and hereditary 
interest in the skies. Last spring Dr. 
Warren Weaver told a story about a 
Mexican Indian which well illustrates 
my concern. A secondary school teacher 
of music was visiting a small village 
about four hundred miles from Mexico 
City. Noting an attractive Indian boy 
of ten, he inquired of the boy if he would 
be interested in assisting at a musical 
performance. Something of the boy’s 
enthusiasm stirred the music teacher 
deeply. The next day he sought the 
parents’ permission to let the boy become 
his personal valet. The parents who had 
already seventeen children and were ex- 
pecting still another were quite happy 
with this prospect for the boy’s financial 
aid and his social advancement. Within 
a couple of years the music teacher dis- 
covered that the boy had definite musical 
talent, which he proceeded to develop. 
At the age of nineteen the young man 
participated in a musical concert attended 
by President Porfirio Diaz, who awarded 
him a scholarship for study abroad. The 
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Paris Conservatory of Music, however, 
regarded the young man as beyond the 
training age. Accordingly, he had to learn 
by himself. He became a concert violinist, 
director of a symphony orchestra, dean of 
a school of music, an investigator of bird 
music. His son graduated with a Ph.D. in 
science from Harvard and is today the 
president of a large university. You can 
readily understand my prejudice, there- 
fore, when I hear people inquiring doubt- 
fully, ““‘Who is your father?” How well do 
any of us average people know and un- 
derstand our own latent potentialities or 
those of others—not to mention those of 
children, including our own? 

Another statement that stirs me some- 
how the wrong way is the casual remark, 
“Oh, you are a girl!’ When Muriel Jane 
was in the second grade, she came home to 
inform me joyfully that her class was 
looking at rocks. “Ah, ha,’’ I said, “‘you 
are now studying science.” “Oh, no,” she 
said sadly, “Only the boys are studying 
the rocks: the girls must practice danc- 
ing.” 

One wonders what master mind is as- 
signing certain professions to women and 
others to men—or what chance schedule 
is making such distinction inevitable. 
Granted that for personal or for social 
reasons all women might not wish— 
actually do not wish—and perhaps, should 
not wish to become scientists and en- 
gineers, or even to go to college, should 
not each individual have an opportunity 
to do so if she so desires? Certainly doors 
of opportunity should be available—and 
open. Only 43% of the high school girl 
graduates that could potentially go to 
college do so, whereas in the case of boys, 
the corresponding figure is 65%. Yet the 
percentage of students graduating from 
college from among those beginning col- 
lege is the same for both men and women. 
In the case of mathematics, twice as many 
men as women obtain the bachelor’s 
degree. For graduate work in mathe- 
matics, however, there are more than four 
times as many men as women completing 
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the master’s degree, and about twenty 
times as many men as women attaining 
the doctor’s degree. Why? One wonders 
if this is at all in accord with intellectual 
potential. 

Again, not to confuse American culture 
with that of the Soviet Union, but for the 
sake of comparison, it is significant that 
in the Soviet Union women constitute 
more than one quarter of the engineering 
students, whereas in the United States 
they form less than half of one per cent. 
As a matter of fact, half the professionals 
in Russia are women. 

Some time ago when I attended a U. 8. 
conference on mathematics research, I in- 
quired where the women were. I was in- 
formed by a distinguished mathematician 
that women could not qualify technically. 
At the time I wondered, and still do, if 
this condition results fundamentally from 
some innate difference between the sexes 
or merely from some imposed differentia- 
tion in early training and hence in later 
opportunities. After all, two Nobel prizes 
have been awarded only once to the same 
person, to Marie Curie, a woman. I be- 
lieve we need to identify and encourage 
both women and men in accord with their 
intellectual abilities and with their per- 
sonal interests. Let us now consider the 
training problem itself. 

There are essentially two outlooks—a 
widening, horizontal one and a cumula- 
tive, vertical one. The broad horizontal 
outlook signifies man looking out upon 
his environment. 

Some years ago in giving a course in 
physics, I invited a professor of history to 
talk to the class about the relation of his- 
tory to science. He asked rhetorically, 
“What is history?” He himself answered, 
“The study of man and his environment!” 
I suppose everything could be thus classi- 
fied vaguely as social studies. There is only 
one strictly human problem—man and his 
environment. Because of its complexity, 
however, we must approach this basic 
problem from different points of view. 

When Muriel Jane was in the third 


grade, she brought home some drawings 
of planets and stars. “Ah, ha,” I said, 
“you are now studying science.”’ “Oh, no, 
Daddy,” she replied, “This is social stud- 
ies.” Not wishing to appear to be an old 
fuddy-duddy daddy who is not alive to 
the modern age in which he lives, I said, 
“Of course.” Later she brought home 
some material on dinosaurs. I cautiously 
inquired, “Is this work possibly science?” 
She smiled patiently as she said, “Of 
course not, Daddy, this is social studies.” 
Later that year I had occasion to visit her 
class. One of the bright youngsters asked, 
“Teacher, isn’t this material on dinosaurs 
really science?” The teacher replied, “I 
always thought so, but the book says it is 
social studies.”” Later I was describing my 
confusion to a fellow member of the Fed- 
eral Schoolmen’s Club. “Oh,” he said, “I 
can explain your dilemma. In social 
studies we are interested in our neighbors 
—there is our neighbor, the moon; there 
are our neighbors, the dinosaurs.” At last 
I saw the all-inclusive relationship, but 
neither the teacher nor the pupil ap- 
parently had ever understood this point 
of view. I believe we have to be very care- 
ful today in stressing relatedness so that 
we do not confuse it with identity. 

Let me give you another illustration 
specifically involving mathematics. I once 
read a book on teaching methods for the 
junior high school. It contained some ex- 
amples of typical class presentations, one 
of which dealt with geometry. The teacher 
in this instance was supposed to begin the 
discussion by pointing out that geometry 
has to do with laws. She would then ask 
the class what they knew about laws. By 
trial and error she would have to obtain 
the idea she wanted from one of the 
youngsters, namely, that the Constitu- 
tion of the United States involves laws. 
Happily the teacher could then say, ‘Let 
us now study the Constitution in order 
to understand at first hand the concept 
of law.” The entire period could then be 
devoted to an analysis of our constitu- 
tional law. 
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Unfortunately, what the teacher her- 
self did not realize is that the concept of 
law as embodied in the Constitution is 
quite different from that found in geome- 
try. Regardless of how long or how much 
one might study the Constitution, one 
would never learn geometry. In a real 
sense, may we not be betraying our chil- 
dren by depriving them thus of their in- 
tellectual heritage of mathematics? In 
trying to reduce everything to its social 
aspects we may actually be denying them 
an understanding of their total environ- 
ment. 

In this respect, a look at the curriculum 
of the Soviet Union is quite startling. 
Thirty-five per cent of the work there 
from grades one to ten is concerned with 
mathematics and the sciences (29% for 
grades one to four, 36% for grades five 
to seven, 41% for grades eight to ten). 
Of the science and mathematics taught in 
grades one to ten, two-thirds is mathe- 
matics and one-third science. Perhaps, 
such concentrated effort represents the 
opposite extreme from our U.S. laissez 
faire system of electives. 

The fact is, however, that the world 
about us is not just a social environment. 
We can never understand this world 
purely in the terms of social conditions 
and of social relations. It is also a world 
of physical, biological, and psychological 
phenomena. Our children must be taught 
to respect and to regard the universe from 
these viewpoints. Furthermore, because 
of the central role played by mathematics 
in the interpretation of phenomena, it is 
imperative that at all educational levels 
the student should see mathematics in its 
relationship to physics, to biology, and to 
psychology, as well as to sociology. I 
would say, therefore, that our horizontal 
glance at man and his environment re- 
quires a broader outlook in the future, 
and that the present predominant focus- 
ing on social aspects is too narrow. 

There is also a vertical outlook pene- 
trating each horizontal level. Starting 
with the students in the graduate school, 
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we find that in the natural sciences 83% 
(the highest percentage of all disciplines) 
are continuing their undergraduate major. 
A student, however, does not begin to 
major in mathematics or in science in his 
junior year in college without having taken 
some freshman work in thesé subjects. 
His election of such disciplines, accord- 
ingly, is predicated upon the interests and 
skills he has developed in secondary 
school. Evidently the selection at this 
time depends upon the interests and 
skills that have previously been developed 
in primary school. Hence I am persuaded 
that the whole problem of training in 
mathematical science is not peculiar to 
any particular grade, but rather extends 
generally through all grades, which are in- 
herently interdependent. What the ele- 
mentary teacher teaches inevitably bears 
on later choices by the student, and what 
the college teacher imparts depends ob- 
viously upon the student’s earlier prepara- 
tion. Teachers at the various levels need 
to get together and to discuss their com- 
mon problems; they should not be content 
with discussion at their own horizontal 
level. We all need to take temporal views 
of educational training and to effect 
smoothly the transitions from one hori- 
zontal level to another. Thus in identify- 
ing and encouraging young people we need 
both a broader (horizontal) and a higher 
(vertical) view from the standpoint of 
ability. 

It is rather interesting that mathematics 
was the Greek word for all learning—for 
the most advanced learning at that time 
was mathematics. When we look at the 
later medieval quadrivium, viz., arith- 
metic, geometry, music, and astronomy, 
we note that these, too, are all essentially 
mathematical. In the three Rs of yester- 
day we find one survival, arithmetic. In 
recent times, however, there has been a 
growing tendency at all levels of instruc- 
tion to eliminate mathematics from gen- 
eral or liberal education. I suppose this 
movement has expanded owing to a wide- 
spread impression that nowadays mathe- 
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matics is poorly taught, possibly because 
of the intrinsic nature of the subject. 
Many people, therefore, have castigated 
mathematics teachers supposedly because 
of an overemphasis on problem solving, 
or because of an overspecialization of 
abstract concepts. Undoubtedly there is 
always a need for better teaching in all 
subjects. It would seem, however, that ref- 
ormation of teaching is needed, rather than 
resignation to no teaching. Elimination of 
mathematics from the curriculum for all 
will certainly not improve the under- 
standing of mathematics for any. Perhaps 
one element in this complex problem has 
been the fact that what has been taught in 
the name of mathematics has not really 
been mathematics at all, but rather cer- 
tain numerical aspects of sociology. 

Recently I read an amusing incident 
about a comic strip character called 
Susie Q. She was asked how she was doing 
in arithmetic. She replied that arithmetic 
had been easy until the class got to addi- 
tion and subtraction. In her interesting 
book Children Discover Arithmetic, C. Stern 
notes about a six-year old, “She didn’t 
like arithmetic because she got so tired of 
coloring rabbits.”” Granted that to a de- 
gree the teaching has been wanting, has it 
really been mathematics teaching? 

Let us consider, therefore, the teaching 
of mathematical science. In this connec- 
tion I would propose three axioms. 

The first axiom for teaching mathe- 
matics, I would say cryptically, is to 
teach mathematics. Mathematics should 
be taught not as the dead accumulation of 
the past, but as a living challenge for the 
‘present. I appreciate the fact that a 
teacher should not teach a subject per se 
—without John Mark. On the other hand, 
neither can a teacher teach John Mark per 
se—without a subject.. Actually, a teacher 
teaches mathematics to John Mark. Of 
course she must know John Mark. Likewise 
she must know mathematics. (Unfortu- 
nately this relationship is not sufficiently 
emphasized in colleges where the edu- 
cation—John Mark—department and 


the subject—mathematics—department 
usually teach teachers quite independently 
—and sometimes even antagonistically.) 

Under no circumstances should mathe- 
matics be regarded as some undigested, or 
predigested lumps of “Information, 
please.” It certainly should not be looked 
upon as a painless entertainment. Mathe- 
matics is, and must be taught as an inde- 
pendent and consistent subject involving 
a logical structure of its own. To be sure, 
it is essentially abstract and, therefore, 
necessarily difficult to communicate. There 
are two ways, I believe, to approach this 
problem. 

In mathematics the approach should 
preferably be genetic, rather than system- 
atic. In other words, at precollege levels 
one should stimulate the student with 
appreciation of the original, psycholog- 
ical, and sociological development of 
mathematical concepts, rather than with 
emphasis on comprehensive and detailed 
relation of logical deductions. Secondly, 
the approach should be more generally 
intuitive than specifically logical. Young- 
sters should be encouraged to look into 
mathematics itself, to seek revealing in- 
sights; certainly, in this sense mathe- 
matics will be more caught than taught. 
The primary goal will always be the un- 
derstanding of mathematics—both its an- 
alytic and its synthetic phases, both its 
logical and its intuitive relations, both its 
general and its individual aspects. 

I am reminded here of a parable of a 
tree, told by Felix Klein. When a tree 
grows, it does not develop one part com- 
pletely, say, just the roots, and then later 
the trunk, and finally the branches with 
the leaves. On the contrary, it develops 
roots and trunk and leaves more or less 
simultaneously. The higher the trunk, al- 
ways the longer the roots. So, too, in the 
growth of mathematical ideas, one must 
develop to some degree all aspects simul- 
taneously at each educational level. In any 
case, therefore, let us begin mathematics 
teaching by teaching mathematics. 

The second axiom, I would suggest, is 
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to teach mathematics with applications. 
Historically we begin here with a recipro- 
eal relationship. Probably all mathemati- 
cal developments have been rooted in 
practical problems. Conversely, scientific 
developments have certainly been fur- 
thered by purely mathematical formula- 
tions. The artificial separation of theory 
and of practice, originating with the 
Greeks and transmitted by them to the 
rest of the world, greatly retarded the de- 
velopment of all mathematical science. It 
is somewhat ironical that we practical 
moderns should hold in such high esteem 
Euclid of Alexandria, who never dis- 
cussed how to draw either a straight line 
or a circle, who never gave a formula for 
determining the area of a triangle in terms 
of its base and its height, who never calcu- 
lated x from the ratio of the circumference 
of a circle to its radius. I would not mini- 
mize Euclid’s outstanding contribution in 
his comprehensive collection and axio- 
matic presentation of the geometrical 
knowledge of his day—a feat more prop- 
erly understood at a graduate school 
level. It was Archimedes of Syracuse, how- 
ever, who calculated « to be approxi- 
mately 22/7, and it was Archimedes who 
used other mathematical methods than 
those of geometry to investigate physical 
phenomena. Archimedes was certainly a 
greater mathematician than Euclid. What 
is more, he exemplified the spirit and 
method of modern science, epitomized in 
the well-known Archimedes’ principie. 

The practical consequence of the Greek 
divorce between theory and practice is 
seen notably in the Greeks’ failure to de- 
velop trigonometry, which had to await 
the observational requirements of ter- 
restrial surveying and of astronomical 
mapping. More recently, too, those de- 
lights of modern mathematicians, infinite 
functionals and Hilbert space, were not 
invented in an ivory tower. On the con- 
trary, they originated in the attempt of 
Jean B. J. Fourier to solve a practical 
problem of heat conduction. Thus we per- 
ceive the need to apply pure mathematics 


with its independent and consistent na- 
ture to the interpretation of phenomena. 
Because of the ease of experimentation 
with respect to physical environment, the 
physical sciences exhibit historically the 
outstanding example of the value of this 
interplay with mathematics. Strangely 
enough, creativity in mathematics is en- 
hanced by contacts outside mathematics 
itself. 

The third axiom I would urge is to teach 
mathematics with applications from a 
modern point of view. It is generally 
agreed that modern mathematics began 
in the seventeenth century with Descartes’ 
conception of analytic geometry in 1637 
and with Newton’s invention of calculus 
in 1671. Yet many high school courses in 
mathematics are regarded as being quite 
satisfactory if the students know merely 
the binomial theorem in algebra, which 
was discovered by Newton in 1676, and 
have studied the first four books of Euclid, 
which were compiled about 325 B.C. The 
fanatic adherence to Euclid today is be- 
yond belief. To be sure, we are greatly in- 
debted to Euclid for his rigorous use of 
logical development and for his careful ex- 
emplification of deductive reason. Euclid, 
however, is wanting in many mathemati- 
cal respects. He unfortunately separates 
two dimensions and three dimensions and 
he omits conics, but most important, he 
bases arithmetic on geometry. Euclid’s 
methods are now altogether too cumber- 
some and too primitive. As a matter of 
fact, modern geometry per se begins with 
the concept of an unbounded line (not de- 
fined as the distance between two points). 
One thinks of variable points producing 
loci, and then of correlations between geo- 
metrical and algebraic forms, culminating 
in an arithmetical basis of analysis. 
R. Courant and H. Robbins begin their 
interesting book, What Is Mathematics?, 
with the statement, ‘“Number is the basis 
of modern mathematics.’”’ No one would 
think of relying solely upon superseded re- 
sults in science. Why, then, do we neglect 
the cumulative growth of mathematics? 
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Let us regard mathematics from a modern 
point of view. 

These, I believe, are three funda- 
mental axioms for teaching mathematical 
sciences: teach mathematics—with appli- 
cations—from a modern point of view. 

May I conclude with a few general re- 
marks on the philosophy of education it- 
self? I frankly confess that I am disturbed 
by two questions, and my misgivings un- 
doubtedly arise largely from personal 
misgivings. In the first place, it seems to 
me that there is nowadays an overem- 
phasis upon utilitarianism; and secondly, 
that the stated social goals of modern 
education may be somewhat meaningless 
without a compensating emphasis upon 
the individual. 

In the sixteenth yearbook (1941) of the 
National Council of Teachers of Mathe- 
matics one reads “Since 1920 great stress 
has been placed upon the socialization of 
arithmetic.” In examining a library copy 
of this book I ran across a 1946 newspaper 
clipping which noted, “Older children 
find... that their problems... are re- 
lated to their own present and future 
lives.” As examples of profitable problems, 
we find recommended the filling out of in- 
come tax reports and the determining of 
the cost of a trip from the east coast to the 
west coast. 

In view of the general attitude of many 
education experts that children should be 
made more aware of the present world 
in which they live, it seems strange to find 
so many problems involving remote or 
even contingent use. Most of these efforts, 
moreover, are spent in acquiring merely 
materials and information, but very little 
if any on mathematics per se. Look at 
these recommended topics: taxation, bank- 
ing, investment; reasons for price changes; 
basis of credit; computation of freight 
rates; secondhand buying; ef al. All these 
may be of considerable importance for 
everyday living, and as such they are un- 
doubtedly worth while. As far as I am 
concerned, however, they hardly consti- 
tute mathematics. 


This modern utilitarian approach 
stresses subject teaching in striking con- 
trast to the liberal medieval concept of 
teaching tools that may be valuable for 
many subjects. It is as if one were to 
learn a language merely to be able to order 
a meal—a worth-while objective, but 
hardly of great cultural value. Recently 
in the Saturday Review someone noted 
caustically that the early American colo- 
nists must have been greatly handicapped 
because they did not have available a 
book on “How to Be a Pioneer.” Practical 
success may be achieved it seems, not 
with practical experience, but with the- 
oretical guides. 

Opposed to this present utilitarian so- 
cialization of arithmetic is the ageless ideal 
of liberal or general education. In the 
seventh chapter of Plato’s Republic, hap- 
pily translated by Jowett, “On Shadows 
and Realities in Education,” one reads 
“A free man ought not to be a slave in the 
acquisition of any kind of knowledge, do 
not use compulsion, but let early educa- 
tion be a sort of an amusement.” Plato 
was objecting here to the study of num- 
bers by future merchants and retail 
traders, whose primary interest was their 
usefulness for buying and selling. Socrates 
says “ ‘I am amused,’ I said, ‘at your fear 
of the world which makes you guard 
against the appearance of insisting upon 
useless things.’” Aristotle says in his 
Politics, “If he desires it for the sake of its 
own development or with a view to excel- 
lence, it is liberal.” There is a fifth freedom 
to which our children are entitled—the 
freedom to learn. We must not deny them 
intellectual enjoyment, their rightful heri- 
tage. We must not take the joy out of 
mathematics. Arithmetic is more than a 
social tool for adjustment to a social 
world. As such, indeed, it could be used for 
the enslavement of youth to their social 
environment. On the other hand, arith- 
metic can help youth adjust environment 
to a better and a freer life. Arithmetic can 
be—it should be—it must be fun! 

Turning now to certain stated social 
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goals of education, I recently read this 
one given by a popular exponent of ele- 
mentary science education, “The most 
important purpose might be phrased to 
help children gain the ideals, understand- 
ings, and skills essential to become good 
citizens." Who would deny such noble 
sentiments? Have not such hopes been in 
the breasts and minds of American teach- 
ers ever since the founding of our de- 
mocracy? But who, pray tell, are the good 
citizens? And just what ideals, under- 
standings, and skills do they need? The 
understanding and skill of mathematics? 
Apparently not. In the 1946 newspaper, 
noted above, we find that Miss X “told 
teachers that to learn all these things re- 
quired a mental age of 15. She was speak- 
ing of long division.”’ In this very Associa- 
tion you are aware of a recent movement 
to reduce the teaching of arithmetic in 
the elementary schools in order to trans- 
fer much of it to the secondary schools. 
The sixteenth yearbook of the National 


Council of Teachers of -Mathematics 


echoes a related sentiment, ‘‘All too often 
teachers are disheartened when a super- 
intendent desires goals such as co-opera- 
tion, adjustment, happiness, while the 
parents expect the children to learn read- 
ing, writing, and arithmetic.” Why not 
both goals? Are they incompatible? In- 
deed, may not the three Rs even be nec- 
essary both individually and socially to 
attain co-operation, adjustment, happiness? 
Science, indeed, looms up as one important 
element that we share in common with the 
Soviet Union, and as such it may be an 
international instrument for peacemaking. 

In our goals of education, I believe we 
must be concerned not only with transi- 
tory appearances as seen by the men of a 
particular age, but also with the eternal 
structure of the universe as visualized by 
men of all ages. Regardless of our human 
impressions and mortal expressions, as 
long as the universe endures, mathematics 
will continue to contribute to our compre- 
hension of it. Mathematics as paé@nua 
(learning) is here to stay! 





Have you read? 


Cross, Rosamonp, “The Basic Requirements 


of a Superior Education,” Journal of the 
American Association of University Women, 
May 1956, pp. 218-221. 


Here is another look into the future. You 
may disagree with it, but we should all be 
thinking about the problem. The author in- 
cludes in the requirements the kind of educa- 
tion that will insure (a) steady growth in com- 
petence, (b) accurate vocabulary, (c) a critical 
faculty who challenges the student, (d) a parent 
who puts proper value on education, (e) a 
mastery of the basic understandings and learn- 
ings. 

You ask the question, does this mean we are 
overemphasizing the identical opportunity for 
all? Read the article—but make up your own 
mind. 


LesacE, THe Honorasie Jean, ‘Alexander 
Graham Bell Museum: Tribute to Genius,”’ 


The National Geographic Magazine, August 
1956, pp. 227-256. 


Don’t let this title deter you because you feel 
you are familiar with the works of Dr. Bell. 
Here is information of special interest to the 
student of mathematics which is new to most 
of us. 

The tetrahedron is a common regular solid, 
but where is its practical use? You will be sur- 
prised to read about the inventions of Dr. Bell 
which were based on this simple figure; for 
example, man-carrying kites, shelters, towers, 
and aircraft. Your students may be interested 
in the Bell Museum opened August 18th at 
the Bells’ former summer home in Baddeck, 
Nova Scotia. It too is of tetrahedral motif both 
inside and out. Some of Bell’s original notes are 
reproduced in the triangular glass panels. 

This article contains many other items of 
interest. Be sure to read it and recommend it to 
your students.—Pxiuipe Prax, Indiana Uni- 
versity, Bloomington, Indiana 
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Toward discovery and creativity 


NORTON LEVY, Concord High School, Concord, Massachusetts. 


The true education of American youth 


and the real function of a teacher extend far beyond teaching 


the solutions of a quadratic equation. 


These involve the realm of the spirit and the nature of man. 


MuvcuH ATTENTION has been given in the 
past few years to the shortage of teachers, 
especially in the sciences and mathe- 
matics. Publicity about and personal con- 
tact with the financial and occupational 
difficulties of teachers have diverted 
many promising teacher-trainees into 
seeking their future in other fields. Of four 
of my friends who were trained to teach 
mathematics, one is now in the aircraft 
industry, one is in electrical engineering, 
one in mechanical engineering, and one 
is now a statistician. As well-meaning 
personal associates ask me why I want to 
remain a teacher, adding that there is not 
much of a future in teaching, all I have to 
do is relate some recent happenings in my 
classroom to more than justify my posi- 
tion. What follows may reveal some of the 
main sources of satisfaction that I have 
found to exist in teaching mathematics. 
The search for knowledge, in terms of 
a student’s own emotional and intellec- 
tual leanings, can be influenced but not 
always controlled by his teachers. For 
instance, today Chris was wading through 
the theory behind the construction of a 
hexaflexagon, a paper folded into tri- 
angular sections in such a way that for 
each new twist a different hexagon will 
appear. Yesterday he found a set of di- 
rections and mechanically followed them. 
His satisfaction in the results and the 
interest of some of his friends encouraged 
him to pursue the topic further. Tomor- 
row he may be curious about other geo- 


metric forms.' Some day in the near 
future he may even make a significant 
contribution in this or some related section 
of mathematics. More likely, by next 
week he will be curious about some alto- 
gether different topic. 

In the past few years Chris has been 
groping, discovering, and occasionally 
creating in more areas of mathematics 
than any preconceived course could pos- 
sibly envision. For him, pursuit of mathe- 
matical knowledge has been worth-while 
primarily for its own sake. Chris may be 
endowed with special ability, but this 
doesn’t explain his attitude. His natural 
ability, if such a thing exists, we can af- 
fect but little, it seems. What develops 
from his ability we can influence: (1) 
either positively, by providing situations 
with unpredictable possibilities for in- 
quiry, and then being ready whenever 
signs of interest appear; or (2) negatively, 
by parrying his questions with such re- 
marks as “wait till vou get to college for 
this’’—or even worse, by restraining him 
from showing extra interest through our 
failure to discourage the possible attitude 
of his peers towards (in their language) 
“his being a brain.” 

Once, when Chris was in grammar 
school, his arithmetic teacher informed 
his mother that he just didn’t have too 
much ability along mathematical lines. 
Perhaps spurred on by this challenge, 


1 Actually, the following day Chris designed a 
Christmas greeting involving a hexaflexagon. 
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possibly struck by some mysterious mu- 
tational force, or more likely encouraged 
by later influences in his environment, 
Chris started to reveal his “not too much 
ability” by his sophomore year. When he 
happened to become aware of a nomo- 
graphic method for associating days of 
the week with calendar dates, he applied 
a similar method to the Pythagorean 
Theorem. He prepared a device for deter- 
mining the hypotenuse when given the 
legs of any right triangle. At another time 
he tackled a problem his geometry teacher 
had never had any of his pupils solve in 
seventeen years of teaching.” After several 
days of persistent effort Chris solved it. 

In his junior year, because of other ob- 
ligations, he was unable to attend regular 
meetings of the mathematics club. How- 
ever, he managed to learn about each 
day’s discussion after school. Once, when 
I introduced some ideas about prime 
numbers to the club, some student asked 
how we know the number of prime num- 
bers is limitless. At that time I was un- 
prepared for the question and was unable 
to guide the group toward an answer, ex- 
cept for mentioning a reference. When 
Chris appeared that afternoon and learned 
about the question, he quickly presented a 
proof he had seen somewhere in his read- 
ings. 

Not long after I recommend a book in 
connection with a topic Chris finds in- 
triguing, he may be expected to question 
some point in the book, which more likely 
than not is presented somewhat vaguely 
by the author. For example, Chris was 
recently disturbed by the apparent glib- 
ness of George Gamow’s presentation of 
Cantor’s proof that the integers cannot be 
placed into one-to-one correspondence 
with the decimals between zero and one.? 
Chris believed that by considering the 
digits of any decimal in reverse order 


? To construct a nght triangle, given the radii of 
the inscribed and circumscribed circles. 

3 George Gamow, One Two Threa—Infinity (New 
York: The American Library of World Literature, 
Inc., 1954), pp. 30-31. 


the corresponding integer would appear. 
However, study into the nature of irra- 
tional numbers showed him this was not 
always possible. 

Chris is now a senior. Not only does he 
have a wealth of experience in mathe- 
matics, much of it unconventional for a 
high school student, but he has developed 
a strong personal concern for the subject. 
He may never discover anything entirely 
original, but for Chris himself mathe- 
matics has become a real adventure with 
frequent revelations. 

One way the beginning of a pupil’s 
interest is indicated is in his noticing simi- 
larities or differences in the routine fea- 
tures of the subject. In a “slow” algebra 
class the topic under consideration was 
the multiplication of polynomials. Ellen 
noticed that the rows were indented to 
the right rather than to the left as in 
numerical multiplication. This led to 
the relation between the two types of 
multiplication and the arbitrariness of 
ordering the steps in the process. I won- 
dered if the difference in the customary 
forms of indentation in arithmetic and 
algebra went back to the countries of their 
development. Wasn’t algebra largely or- 
ganized in countries whose languages read 
from left to right, while arithmetic came 
from countries where the reverse order of 
writing is used? 

The expanded viewpoint resulting from 
his contact with a new idea can intensify 
a student’s desire to investigate further. 
About the same time he was exposed to 
literal numbers in the eighth grade, 
Steve tried to uncover general relation- 
ships inductively. He wanted to simplify 
combinations of arithmetic operations. 
He listed pairs of numbers and their 
answers under various operations and 
then inferred what he could from the list. 

In one case he considered the difference 
between the product of two numbers and 
their sum. The only time he noticed any- 
thing special was when the two numbers 
were equal. He found that 


(aXa)—(a+a)=aX(a—2). 
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Otherwise, when the two numbers were 
unequal, he could reach no generalization. 

Steve also wanted to know what hap- 
pened to two numbers when their sum was 
multiplied by itself various numbers of 
times. When he tried to find out what had 
to be added to the sum of the squares of 
two numbers to equal the square of their 
sum, he used different operations on the 
two numbers until he found that twice the 
product worked. However, although 
(a+b)?=a?+b?+abm, when m= 2, he could 
find no m such that (a+6)*=a*+b?+abm. 

When it came to adding and subtract- 
ing fractions Steve felt that he was more 
successful. Whenever such fractions as 
a/b and c/d were combined by addition 
or subtraction he found (ad+bc)/bd 
equaled the result. When I commented 
that what he had done corresponded with 
what he had learned in earlier arithmetic, 
he said that at least now he understood 
why the process fitted the situation. Ap- 
parently the student’s need for clarifica- 
tion is one of the main incentives for fur- 
ther study. 

The connecting link between curiosity 
and discovery is strengthened by creativ- 
ity. One way to stimulate the develop- 
ment of the student’s creativity is by 
means of original problems. How often do 
we present problems having prearranged 
methods of solution ourselves and, lo 
and behold, one student offers an alto- 
gether different method and another pre- 
sents a solution without even indicating 
his method. 

An unusual work problem was passed 
on recently from The Mathematics Student 
Journal‘ to my classes as “the problem of 
the week.”’ Chris defined several involved 
unknowns, formed equations, and even- 
tually arrived at the solution. Steve, now 


4 Vol. III, (October 1955), p. 4, problem 50: Two 
cows in four weeks can eat all the grass on two acres 
and all the grass that grows on these two acres in four 
weeks. Three cows in two weeks can eat all the grass 
on two acres and all the grass that grows on these two 
acres in two weeks. How many cows will it take to eat 
in six weeks all the grass on six acres and all the grass 
that grows on these six acres in six weeks? 


a freshman, but unfamiliar with simul- 
taneous equations, put together some 
half-imagined relationships which also 
led to the answer. With assistance he 
later managed to express his steps logically, 
but his original method involved mental 
activity more primitive and more ab- 
breviated than formal verbal expression. 

Another example was the well-known 
counterfeit coin problem,’ which took 
me more time to solve when I first heard 
it than I’d care to admit. Joan, a fresh- 
man, solved it in one day using a method 
easier to follow than my own. The next 
day, John, a sophomore, presented a 
third method of solution in concise, essay 
form. 

Joan recently read an article in THE 
Maruematics TEACHER,’ which deals 
with changing words to numbers that 
check under one of the operations of 
arithmetic. At about the same time, she 
learned about’ number systems to bases 
other than ten. Shortly thereafter she put 
the new ideas together and devised word- 
digit problems to the base five and to the 
base two. 

I wonder if the true worth of the high 
school mathematics curriculum depends 
upon the exact contents of what is 
taught. Even though it may sometimes be 
necessary to delay or even to sacrifice 
some of the regular topics, the teacher who 
presents opportunities for boundless dis- 
coveries, who capitalizes on the unex- 
pected, the one who stimulates inquiry as 
well as conventional learning, is more 
likely to foster the development of that 
type of confidence and independence 
which is closely allied with a love for 
learning. 

Emerson went so far as to maintain 
that “A man should learn to detect and 


5 A counterfeit coin differs in weight from eleven 
good coins which have equal weights. Whether the 
counterfeit coin is lighter or heavier is not known. Ex- 
plain how to locate the counterfeit coin, no matter 
which one it is, using a balance three times. 

6 William E. Beeman, “Originality in Arithmetic,” 
Tue Marnsematics Teacner, XLVIII (November 
1955), 495-496. 
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watch that gleam of light which flashes 
across his own mind from within, more 
than the lustre of the firmament of bards 
and sages.’’’? Whether “from within” or 
from without, if a spark of original insight 
or creative expression appears in one of 
our pupils, we can help it to glow. If such 


7 Ralph Waldo Emerson, Essays (Boston: James 
Munroe and Company, 1841). p. 37. 


expectations seem unrealistic for ninety- 
nine per cent of our pupils ninety-nine 
per cent of the time, we can be patient. 
Then when a chance for a student to ex- 
press himself in an original way arises 
(and this chance can be helped along), we 
can treat it as an everyday occurrence, 
and afterwards it may be just that—an 
everyday occurrence. 





Have you read? 


Rogers, Hartiey Jr. “A General Education 
Course In Pure Mathematics,’’ The Ameri- 
can Mathematical Monthly, August—Sep- 
tember 1956, pp. 460-465. 


Wait! don’t pass up this article because of 
the title. True, it is a description of a course 
given as a part of general education in Harvard 
University. Even so, this article contains much 
for the teacher of secondary mathematics and 
his students. It points up the contribution pure 
mathematics makes to the educated person. It 
gives us perspective of the mathematical struc- 
ture. It presents ideas for discussion which 
could well be a part of the mathematics given 
in the secondary school. Such things are pre- 
sented as the productivity of rigorous proof, 
false proofs and gaps in Euclidean geometry, 
the axiomatic approach, the place of assump- 
tions, the concept of collection, and simplest 
ideas of rings or groups. As these are discussed, 
one sees many places where high school mathe- 
matics might well touch some of these topics 
and thereby make a greater general contribu- 
tion. You will want to look over the reference 
list—it has some good suggestions for your 
library. 


SaTTERLY, Joun. “The Circumceircle, the In- 
circle, the Nine-Points Circle and. the Circle 
Through the Feet of the Bisectors of the 
Angles of the Triangle,’ School Science and 
Mathematics, October 1956, pp. 517-528. 


That day when your class in plane geometry 
is completing the study of the orthocenter, cir- 
cumcenter, and incenter of a triangle, and some 
of your not-so-good-students need further help, 
is a good time to turn your students who are 
gifted in mathematics to this article. Mr. Sat- 
terly not only gives again those relations which 
we all know, but through careful construction 
and proof points out others. He then suggests 


some relations which might exist, but which he 
has not yet isolated. Your gifted students will 
be happy to follow his steps and show that the 
incircle and nine-points circle are tangent at 
the Feuerbach point, that the circle through 
the feet of the angle bisectors passes through 
the Feuerbach point. His illustrations show 
what happens when the given triangle is 
changed. 

This kind of a summary does not do justice 
to an article such as this which is packed with 
possibilities. I would say all those plane geome- 
try students interested in higher mathematics 
should study this article. 


Turrrine, Hans. “The Step From Knowledge 
to Wisdom,”’ American Scientist, October 
1956, pp. 445-456. 


This is really a philosophical article and it is 
one that inspires, frustrates, and motivates to 
action in a single presentation. Would you 
agree that age is not essential to becoming 
wise, but that possession of the knowledge and 
good will for a better understanding and insight 
into ourselves and fellow men is essential? That 
the wise must also possess a good sense for 
proper order of values, duties, and responsibili- 
ties? Do you agree that the above abilities are 
attainable by the high school mind? How much 
knowledge is needed to attain this aim? Could 
we delete five per cent of what is now in the 
curriculum to provide time for gaining wisdom? 
Can we select that small amount of knowledge 
needed for teaching wisdom if it is taught? What 
about the internal contrasts of man? Would this 
gain in wisdom automatically eliminate the 
cultural lag? Would it decrease the suffering 
from avoidable causes which are now a blot on 
our civilization? 

These and many other questions on the few 
simple laws of human nature are discussed. 
You will profit from reading this —Puiuip Peak, 
Indiana University, Bloomington, Indiana. 
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Symbolic logic and 
logical circuitry in the high school 


STUDENTS OF ALGEBRA II, University High School, 
Florida State University, Tallahassee, Florida. 

Foreign language teachers contend that children 

learn a new language more readily than adults. 

Could this be true of mathematics and its language? 


For THE LAST HALF of this year, our second 
year algebra class left the mathematics of 
two hundred years ago and explored some 
of the new, more modern systems. The 
principal object of our attention was what 
is known as “‘symbolic logic.” 

The class was open to all students who 
had taken Algebra I, but only six students, 
(three seniors, two juniors, and one soph- 
omore) chose the course. This allowed our 
instructor, Mr. J. R. Hooten, to give 
more individual attention than is usually 
the case. Because of this extra amount of 
help, the class made rapid progress 
through the material usually included in 
two semesters’ work and completed its 
study in one semester. 

Planning the content for the remainder 
of the year, we chose logic when offered 
several new subject matters for possible 
study. Mr. R. 8. Fouch, Associate Profes- 
sor of Mathematics Education at Florida 
State University, was invited to help 
teach, and was with us throughout the 
project. 

We started our work by reviewing 
methods of proof. Mr. Fouch explained 
that when one is working with and dis- 
cussing the meaning of a sentence, one 
can say the sentence repeatedly very 
easily. In recording the work it becomes 


very tedious to write the sentence over and 
over. This is where the symbols in sym- 
bolic logic come in. We substituted sym- 
bols for useful words in the sentences, 
such as “and,” “or,” and “not.” We then 
symbolized phrases in the sentences by 
letters such as P, Q, and R. In this way, 
while discussing the sentence ‘“We study 
and it is not true that we are late,” we 
would refer to it and write it as “P/ 
(~Q)” “P” symbolizing the “we study,” 
“A” symbolizing “and,” “~” symboliz- 
ing “it is not true that,” and “Q” sym- 
bolizing “‘we are late.” 

We examined many types of sentences 
and soon realized that some sentences had 
the same meaning although stated and 
symbolized differently. We learned that 
whether two sentences were the same or 
different depended upon their “truth 
value.” If the truth values (whether the 
sentence was true or false) of two sentences 
were the same under all conditions, the 
two sentences were alike or equivalent. 
Our consideration of the truth value of 
sentences composed of more than one 
phrase led us to the study of “truth 
tables.” 

If a statement, such as “P/\Q,” has a 
definite number of separate components, 
each of which is either wholly true or 
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Figure 1 


wholly false, the truth value of the state- 
ment can be shown by a “truth table.” 
Figure 1, Column 1, shows a truth table, 
the one for the form statement “P/Q” 
(statement P and statement Q). Line 1 is 
read, “If statement ‘P’ is true and state- 
ment ‘Q’ is true, the statement ‘P/Q’ is 
true.” Line 2 is read “If statement ‘P’ is 
true and statement ‘Q’ is false, the state- 
ment ‘P /\Q’ is false.”’ Since the statement 
“P AQ” contains two variables (“P” and 
“Q’’) and each has two variations (truth 
or falsity), the statement can exist under 
2-2 or four conditions, which are repre- 
sented by the four lines of the truth table. 
Likewise, a statement with three variables 
would have eight lines in its truth table. 
We did not consider statements with more 
than two possible variations in truth 
value. 

Most of our time in the first part of the 
project was spent studying the way two 
sentences or phrases are combined and 
how this affects the truth value of the 
combination. The operations (ways to 
combine sentences) we studied were: 

Column 1. “and” (A) “I will go to town 

and you will go with me.” 

Column 2. “or ...or maybe both” (\/) “I 

will buy him a present or I will 
give him money or maybe both.” 

Column 3. “either ... or” (|) “Hither you 

will work or you will be fired.” 

Column 4. “if and only if” (<>) “You will 

be paid if and only if you do the 
job.” 

Column 5. “if...then”’ (—) “Jf you ask 

me, then I will help you.” 

. We devised truth tables for the first four 
operations with a minimum of effort, but 
the “if .. . then” stumped us for a while. 
Going to the example, we could see that if 


“vou asked me” and “TI helped you,’ the 
statement would have been true, and if 
“vou asked me” and “I didn’t help you,” 
the statement would have been false. If 
“vou didn’t ask me,” but “I helped you 
anyway,” would the statement have been 
false? By regarding the statements as parts 
of a proof, we discovered the statement 
would have been true. 

We entered the second phase when Mr. 
Hooten ‘slyly asked us if we thought a 
statement’s being true or false could be 
related to an electrical circuit being closed 
or open. With this question, our project 
took a new tack, for we soon realized that 
the truth value of a sentence containing 
one of our five operations depended on 
the truth value of its clauses in much the 
same way as the flow of current depends 
on whether switches are open or closed. 
We decided that it would be both bene- 
ficial and fun to try to build electrical cir- 
cuits that would express truth values much 
as truth tables do. We decided to use a 
light bulb to indicate the truth value of 
the complete sentence (on for true, off for 
false) and switches to indicate the truth 
values of the substatements or variables. 

Our search for circuits proceeded in 
this way. Looking at the “P/Q” truth 
table, we could see that to represent it we 
wanted a circuit with two switches (“P”’ 
and “Q”) and a light (“P/Q”) arranged 
so that when both switches were closed 
(true), the light would be on (true); if 
either or both switches were open (false), 
the light would be off (false). Our “P AQ” 
circuit is shown in Figure 2. In like manner 
we arrived at the “‘or . . . or maybe both” 
circuit (Figure 3). In both of these circuits 
we used single pole-single throw switches 
using closed for the true and open for 
false. 

For the “if and only if” (Figure 4) and 
“either... or” (Figure 5) circuits it was 
necessary to use single pole-double throw 
switches, with one closed position for true 
and another closed position for false. 

We noticed that the “if... then” 
statement was similar to the “or... or 
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maybe both” since if “P’’ was true the 
statement was true in both cases. The dif- 
ference was that in “or... or maybe 
both” if “Q” was false the statement was 
true (Figure 1, Column 5). So for “PQ” 
we made “closed” on the “‘Q” switch be 
“false” and “open” be “true.” Thus: we 
arrived at the circuit in Figure 6. 

After building the circuits theoretically, 
we tried them out with electrical parts and 
they worked satisfactorily. We had built 
truth tables out of wires, lights, and bat- 
teries. 

Looking for new worlds to conquer, we 
realized that there was a limit to the 
number of truth tables for combinations 
of two variables. For a statement with 
two variables, the truth table had four 
lines, each of which could be either true 
or false. Four variables, each with two 
variations, yielded sixteen combinations, 


Logic Circuit Symbols 


and we had only explored five. The other 
eleven were quickly and easily found and 
labeled. 

To complete this phase of the project 
we worked on combining the sixteen dif- 
ferent circuits into one “thinking ma- 
chine.” (It was to be for two-variable 
statements only. We did not attempt to 
construct three-variable circuits.) To sim- 
plify construction, we divided the sixteen 
into eight pairs, each pair containing two 
“opposites” —tables in which the “trues” 
and “falses’” are interchanged. (Columns 
3 and 4 would make a pair.) In this way 
we were able to construct only eight cir- 
cuits and a “negation circuit’? which 
would change a “true” to a “false.” We 
would set up a circuit for Column 3, then 
for Column 4 would open the same circuit, 
but reverse the answers with the “‘nega- 
tion circuit.” 
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After completing the circuit, we boxed 
it attractively and dubbed it the “Thimac.” 
We received much favorable publicity 
for the project, including an article in a 


in a new mathematics, with strange sym- 
bols and new operations. We have learned 
much about the logic behind our everyday 
language, and we hope that through our 


contact with logic we can develop more 
critical and analytical minds. 


. state-wide magazine and the appearance of 
Mr. Hooten on television to demonstrate 
the “machine.” 

Along with and after our symbolic logic 
study we explored permutations and com- 
binations, mathematical odds in gambling, 
topology, and, at the same time this is 
being written, the theory of sets. t 

Chief among the benefits of our study 
was the valuable experience in working 
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The pupil who solves a difficult problem in 
brokerage may have the pleasant consciousness 
of having overcome a difficulty, but he cannot 
feel that he is mentally improved by the effort 
he has made. To attain this end he must feel at 
every step that he has a new command of prin- 
ciples to be applied to future problems. This end 
can best be gained by comparatively easy prob- 
lems, involving interesting combinations of 
ideas.—Committee of Ten, 1892. 





Methods of teaching statistics need to be 
developed and then made part of the professional 
preparation of high school mathematics teach- 
ers.—This statement is based on the study by 
Maz Beberman. The Teaching of Statistics in 
Secondary School Mathematics, Ed.D., 1952, 
Teachers College, Columbia University, New 
York City; Major Faculty Adviser, Professor 
Howard F. Fehr. 
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Homework and achievement 


in plane geometry 


VYNCE A. HINES, University of Florida, Gainesville, Florida. 
Some more light is cast on the difficult problems 
pertaining to homework in the high school. 


AFTER SURVEYING the related literature 
and research on homework, Ruth Strang 
comments, “Although many opinions ex- 
ist on the effect of homework on scholastic 
success, there has been little research on 
the subject.’' Such research has often 
been of short duration and has lacked ade- 
quate controls. This study is an effort to 
answer the question of the value of out-of- 
class study for achievement in plane ge- 
ometry. 


MATCHING OF GROUPS 


Two classes were formed using the 
matched-pairs technique and included all 
pupils who had registered for plane geome- 
try. The experimental group did no home 
study; the control group did do home 
study. Pairing was done on the basis of 
chronological age, intelligence quotients, 
and point averages for two semesters of 
beginning algebra. The groups were later 
compared on scores on the Co-operative 
Achievement Tests in Algebra and in 
Plane Geometry which were given during 
the first days of the experiment. The 
groups were found to be quite similar on 
these tests, but these data were not used 
in forming the original pairs. Nineteen 
pairs were formed, and the two participat- 
ing teachers took turns drawing from each 

1 Ruth Strang, Guided Study and Homework. 
(“What Research Says to the Teacher,”” No. 8) 
(Washington, D. C.: National Education Association, 


Department of Classroom Teachers and American 
Educational Research Association, 1955). 


pair for members of their respective 
classes.” 

Peters and VanVoorhis’ Formula 95 
was used to calculate standard errors of 
differences between means in terms of the 
differences between paired measures.’ The 
differences found were small ones and 
could have occurred by chance from forty- 
five to ninety-seven per cent of the time. 
Sixteen of the nineteen pairs finished the 
year and were used for the experiment, 
and for calculating the matching results 
just reported. Standard deviations were 
comparable for the two groups. Both 
groups had a higher mean IQ—120.1 
and 119.2—than would be found ordi- 
narily in a high school class. However, 
IQs ranged from 91 to 147 in the experi- 
mental group and from 81 to 144 in the 
control group, in the original nineteen 
pairs, and from 99 to 144 in both groups 
among the sixteen pairs who finished. The 
algebra test scores indicate a high level 
and almost equal retention over the sum- 
mer by the two groups. The initial plane 
geometry test scores indicate very little 
knowledge of plane geometry and for 
many of the pupils the scores were ac- 
countable by chance. 


2? The writer taught the no-home-study group; 
Miss Mary Iball taught the home-study group. The 
study was made several years ago at the University 
High School, University of Illinois, Urbana, Illinois. 

3’ Charles C. Peters and Walter S. VanVoorhis, 
Statistical Procedures and Their Mathematical Bases 
(New York: McGraw-Hill, 1940), p. 165. 
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TEACHING AND TESTING 

The two teachers agreed to follow the 
same textbook‘ closely. The book was di- 
vided into eight units. An objective test 
booklet accompanied the text. At the end 
of each unit, both groups took this test 
on the unit. The following day, beginning 
with the end of the second unit, pupils 
took a cumulative review test, also from 
the booklet. The teachers planned their 
work so that each group spent the same 
number of days on each unit covered. 

The experiment ran from September 
until June, approximately 180 school days. 
Teaching procedures were kept as uniform 
as possible by the two teachers. Both 
groups met at the same hour, 8:10 a.m., 
for a class which lasted a full sixty min- 
utes. Both groups devoted part of most 
periods to supervised study, so that often 
the control group had its outside study 
started before it left class. Both groups 
were taught by student teachers for identi- 
cal periods during the second semester— 
teachers who received identical grades 
from the same three judges. The principal 
difference between the two groups was 
that in the control group homework was 
assigned two or three times a week. While 
records were not kept, it was thought that 
the average pupil would take from forty 
minutes to one hour for assignments. 

The nature and purpose of the experi- 
ment were explained to both classes at the 
beginning of the year and the resulting 
pupil co-operation was thought to be ex- 
cellent by the two teachers. 

Students from the control group worked 
slightly faster than those in the experi- 
mental group on the unit tests and cumu- 
lative review tests. More pupils from the 
control group were able to finish these 
tests during the sixty-minute period than 
were able to finish from the experimental 
group. Whether this was because of extra, 
outside-of-class practice is not known. 

At the end of the first semester both 


‘ Virgil S. Mallory, New Plane Geometry (Rev. ed.; 
Chicago: Benjamin Sanborn, 1943 


groups took an objective test prepared by 
the high school mathematics staff. At the 
end of the year both groups were tested 
on the Co-operative Plane Geometry Test, 
Form N—the same test administered at 
the beginning of the year. 

For the purpose of the experiment, the 
only evaluation attempted was that which 
measured achievement in plane geometry 
as measured by the scores on unit tests, 
cumulative review tests, a semester ex- 
amination, and a standardized geometry 
test. 

It might be pointed out that if there is 
an advantage in out-of-class study, then 
the design of the experiment meant that 
any “cheating,” i.e., study outside of class 
by members of the experimental group, or 
failure to study outside of class by mem- 
bers of the control group, should serve to 
reduce any differences found between the 
two groups. 

Absences from the two classes were 
about the same. Any make-up work was 
done in class by members of the experi- 
mental group during supervised study 
periods. Neither group received appreci- 
able out-of-class help from the teachers. 
So far as is known, no additional tutoring 
was done outside of class for members of 
either group. 


EXPERIMENTAL DATA 


Means, standard deviations, differences 
of means, critical ratios, and the proba- 
bilities of the critical ratios were deter- 
mined for the two groups on the eight 
unit tests, seven cumulative review tests, 
the semester examination, and the Co-op- 
erative Achievement Test in Plane Ge- 
ometry.® Peters and VanVoorhis’ Formula 
95 was used to calculate the standard er- 
rors of differences between means in terms 
of the differences between paired scores. 
This formula makes unnecessary the tedi- 
ous calculation of correlations between 
matching variables, here, multiple Rs. 

Every one of the seventeen comparisons 


5 A tabular presentation of these statistics can be 
obtained from the author. 
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TABLE 1—Comparison oF ExperIMENTAL (E) AND Controu (C) Groups 
ON Co-OPERATIVE ACHIEVEMENT TEST IN PLANE GEOMETRY 








Initial Test Final Test 





E 


Gains 
Difference in Gains 








35.5 
8.9 


C 
35.8 
7.0 





5.2 











favored the control group. Nine of the dif- 
ferences are statistically significant at or 
beyond the five per cent level, three 
others at or beyond the ten per cent 
level. Variability of performance tended to 
increase in both groups on both the unit 
tests and the cumulative review tests. 
During the first semester—Units I through 
IV—the experimental class tended to be 
more variable; during the second semester, 
more variability was observed in the con- 
trol group. Although no strong trend is 
apparent in the size of ts, the size of the 
differences between the groups increased. 
During the first semester the mean differ- 
ences were 4.0 and 2.4 on the unit and re- 
view tests. During the second semester 
the mean differences were 5.0 and 6.2, in- 
creases in spread of 1.0 and 3.8 points. 

Differences on the Co-operative Achieve- 
ment Test give approximately the same ¢ 
value whether they are calculated on dif- 
ferences in final scores or differences in 
gains. These scaled-score differences are 
equivalent to about a 25-percentile spread. 
Translated into letter grades, the typical 
experimental-group pupil made a C, while 
his control matchee received a B. 


CONCLUSIONS 


1. Out-of-class study, usually written 
work, increases achievement in plane 
geometry. 

2. The differences in achievement tend 
to be cumulative. 

3. Differences tended to be slightly 
greater on cumulative review tests than on 
unit tests covering recent material. 


4. If a traditional grading system were 
used—A, B, C, D, E—and if students 
were graded only on the tests reported 
here, home study would increase the grade 
of the average student by one letter. 


LIMITATIONS 


It is possible that the differences found 
could be accounted for by differences in 
skill or zeal on the part of the two teachers 
involved. Hence, it would be desirable to 
repeat the experiment with other classes 
and with the home-study situation re- 
versed. 

While the groups were well matched, 
they were small. Further, they were some- 
what superior in intelligence to most 
plane geometry classes. These factors 
make it a little hazardous to generalize 
the findings to larger and less able classes. 
Further, the small number of cases makes 
it futile to study differentials by intelli- 
gence levels. 

The experiment does point out, how- 
ever, a design by which future studies can 
obtain more adequate research from which 
to generalize. It is suggested that pairs of 
teachers in many schools use this design in 
classes in different subject areas, those in 
which homework is primarily written and 
those in which assignments emphasize 
reading or other activities. It would be 
well to accumulate results for groups of 
varying ability and also for classes of dif- 
ferent sizes. A few dozen such studies 
would give definitive answers to some 
questions in the homework versus no- 
homework argument. 
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The functional approach to elementary 


and secondary mathematics 


WILLIAM A. GAGER, University of Florida, Gainesville, Florida. 
There are those who feel that adolescents will ike mathematics 

if it is meaningful to them. Many feel that 

“making mathematics functional” is the best way 


MopeERN-DAY EDUCATORS believe that our 
public schools should strive to build up 
those meanings which will best develop 
the total personality of our boys and girls. 
Also, almost everybody believes that our 
public schools, even though they cannot 
do all of this job of building meanings, 
can do more of it and can do it better than 
any other one organization. On the basis of 
these two ideas it seems unfortunate in- 
deed that so much of our school time for 
mathematics is spent in presenting facts, 
practices, and drills, while so little time is 
spent in developing and clarifying the 
meanings of mathematical ideas and 
principles. 

We are seriously searching these days 
for an answer to this question: How can 
the public school curriculum in math- 
ematics be organized so that it will give 
proper emphasis to the meanings which it 
has to offer to our young people? One 
quick way to answer this question is to 
say that the mathematics curriculum 
should be planned to meet pupil needs. 
The big objection to this quick answer is 
that to plan broadly enough to meet pupil 
needs is a problem complicated enough 
for an Einstein. 

Who knows what a pupil needs? In this 
connection I might mention the little girl 
who complained to her father that her 
mother did not know much about bringing 
up children. The daughter based her criti- 
cism on the fact that her mother made her 
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to make mathematics meaningful. 


go to bed “‘when she was wide awake”’ and 
made her get up “‘when she was awfully 
sleepy.” 

Surely there is a lot we do not know and 
never will know about pupil needs. But 
this we do know: Pupil needs are certain 
to be tied up with experiences that reach 
into the past, and pupil needs cannot pos- 
sibly be met without giving careful 
thought to the demands of the future, 
which is the adult viewpoint. Even though 
it greatly confuses the issue, the facts in 
the case force us to admit that the every- 
day needs of our pupils are strongly tied in 
with the past and with the future. Thus, 
it would not be wise for us to ignore either 
the traditional or the adult viewpoint as 
we plan our mathematics courses to meet 
the needs of our pupils at the various grade 
levels. 

We often hear it said that a pupil need 
is a felt desire for something that comes 
directly from the pupil. However, we must 
not overlook the fact that a pupil need is 
often a desire which the pupil becomes 
conscious of and concerned about because 
of certain developments and understand- 
ings generated by the curriculum ma- 
terial. Also, a pupil may become con- 
scious of a need that has gradually been 
developed by the clever planning and ac- 
tion of a good teacher. In all probability 
the development of many essential needs 
would never come from the pupil if he 
were left to build on his own limited ex- 


January, 1957 





perience. Would you be one to contend 
that genuine pupil needs cannot be gen- 
erated by carefully selected materials? Or 
would you be one to claim that it is not 
the main business of a teacher to stir up a 
realization of certain needs in the minds 
of pupils? 

Much more could, and probably should, 
be said about pupil needs, but let us move 
on to a consideration of subject matter. 
Down through the years it has been com- 
mon practice to describe our different 
school curricula in terms of subjects or 
subject matter. Both on the elementary 
and secondary levels there have been 
some experimentations with broad areas 
of study, but it has been felt by most edu- 
cators that the experiences of youth can 
be adequately utilized in the building of 
meanings necessary for a good life within 
the framework of certain subject fields. 

As an example, take arithmetic which 
happens to be one of the subject fields 
looked upon with favor by educators. 
There are those, of course, who feel that 
“arithmetic is arithmetic,” the same yes- 
terday, today, and forevermore. They feel 
that “it is what it is’ and can never be 
changed. Such a conception of arithmetic 
is certainly biased. Of course, it is true 
that some arithmetic concepts, principles, 
and procedures change very little if at all, 
but arithmetic as a subject never has been 
and never will be an immutable body of 
knowledge. 

The experiences of youth and our in- 
terpretations of the needs of youth are 
causing arithmetic to be continuously al- 
tered. There is a vast difference both in 
coutent and organization between Pike's 
Arithmetic published in 1788 or Ray’s 
New Intellectual Arithmetic published in 
1885 and the arithmetics published in 
1955. Even though they differ among 
themselves, these arithmetics published in 
the last few years are good arithmetic 
books. Recognition of the fact that a pupil 
develops meanings for living only through 
past and present experiences which have 
meanings for him has caused authors to 


present in our modern-day arithmetics, in 
the best psychological patterns, those ma- 
terials that will be most likely to develop 
meaningful situations. Thus, it becomes 
evident that the scope of the subject, 
arithmetic, as it exists in our present cur- 
riculum is not a narrow offering, but rather 
a “broad area’”’ of study. In fact, educators 
are rapidly coming to see that a subject- 
matter field, such as arithmetic, can be 
made as broad as any other approach 
which they know how to make. 

We realize, of course, that whether or 
not a subject is developed on a broad level 
depends upon whether or not authors writ- 
ing in the field decide to write to reach the 
pupils or to expound the logic, laws, and 
technical aspects of the subject. If the 
authors do the latter, then only those 
pupils who can comprehend a high level of 
abstraction will be able to understand and 
absorb the materials. Little learning can 
take place for most pupils from texts that 
are too abstract. 

Because of certain difficulties encoun- 
tered in trying to make functional those 
curricula that are built around subject- 
matter courses, some educators believe 
that it would be better to build public 
school curricula around broad areas such 
as health, physical education, practical 
arts, social studies, language arts, music, 
and science. In all such developments that 
I have seen, the assumption is that math- 
ematics will be utilized in these broad 
areas as the need for it arises. 

There is no question as to the impor- 
tance of mathematics to the empirical 
sciences, the social sciences, and to a less- 
er extent all the broad areas of study 
mentioned. As is so often pointed out to 
us, mathematics is a science in its own 
right. It is a mode of thinking that grows 
step by step from one fact to another much 
like one brick is placed upon another brick 
in building a tower or a smokestack. 
Mathematics brings order out of chaos. 
It is a tool in one sense, but it is more than 
just a tool to be picked up when needed 
and then laid aside. 
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It is impossible for a pupil to pull out of 
thin air with any consistency that portion 
of mathematics which he needs at a cer- 
tain spot in some particular broad area of 
study and expect it to function for him, 
unless he knows his mathematics and has 
had some experience in applying it. The 
very nature of mathematics and the numer- 
ous purposes it serves has made all efforts to 
fuse it into a core curriculum totally ineffec- 
tive. On the basis of our past experience the 
following conclusion seems inescapable: If 
in the future the elementary and secondary 
curricula for our public schools are built on 
the broad area plan, then mathematics 
should be one of these broad areas, and this 
broad area of mathematics should be taught 
only by those who have been adequately 
trained to teach in such an area. 

Past experience indicates that it would 
‘be far more effective to bring social, scien- 
tific, and other fields of thought into the 
mathematics courses rather than to at- 
tempt to teach mathematics at such times 
as there appear needs for it in other areas 
of study. This idea is sound provided it is 
worked out by good teaching from teach- 
ers who are well trained in mathematics. 
It is not sound when teachers fail to tie 
the mathematics to pupil experiences in a 
manner that will build durable life mean- 
ings or when teachers fail to teach the 
mathematics materials so that they can be 
fully comprehended by pupils. Not to be 
able to understand a situation is irritating 
and sometimes quite ridiculous. 

Efforts to remedy some of the short- 
comings and mistakes of the past in pre- 
paring materials and in teaching elemen- 
tary and secondary mathematics have 
brought to the forefront a developmental 
type of presentation known as the func- 
tional approach. In this developmental, or 
functional, approach these facts are of 
prime importance: 


1. Pupils learn only those facts which have 
meanings for them, that satisfy them in 
some way, or that they feel will be of 
importance to them in the future. 


2. Mathematics must provide experiences 
that are personally satisfying and 
socially significant, as well as math- 
ematically sound, if it is to contribute 
successfully to pupil learning. 

. The theory and practice involved in 
providing the basic ideas and proce- 
dures of mathematics must be pre- 
sented in a manner that will stimulate 
maximum insight and understanding. 

. Materials must be made available in 
mathematics textbooks that will give 
pupils experience in using mathemat- 
ics both as it applies to everyday af- 
fairs and as it applies to taking the next 
steps up the mathematic ladder. This 
does not mean that all mathematics 
materials should be of a strictly prac- 
tical nature. It simply means that the 
mathematical principles and _ proce- 
dures should be presented in a manner 
that will serve some useful purpose in 
the thinking of the pupil. 


Insofar as we can successfully work out 
the preceding steps, we will be moving 
toward functional teaching, a type of 
teaching that almost entirely eliminates 
the rote-teaching of facts, practices, and 
drills. 

Rote-teaching of facts, drills, skills, and 
knowledge, as a means of establishing 
understandings and meanings in math- 
ematics, should be a thing of the past. 
Facts taught in isolation with the hope 
that they will take their proper places in 
problems when they are needed is mostly 
a waste of time and energy. We know 
from experience that isolated facts will 
not transfer to problems to help pupils 
when they need them. We also know that 
drills given before a pupil fully under- 
stands the meaning of a mathematical 
idea or principle, can do the pupil more 
harm than good. This does not mean that 
practices and drills are not important. It 
means that they are not important until 
after the pupil has obtained a full under- 
standing of the ideas on which he is to be 
drilled. 
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Certainly “rote’’ and “telling” types of 
teaching, which have been so prevalent in 
our classrooms in the past, have had much 
to do with making pupils hate elementary 
and secondary mathematics. By using 
suitable functional materials and by 
training ourselves to be expert in the func- 
tional type of teaching, it is hoped that we 
will be able to. eliminate much of this 
hatred and other unfavorable attitudes 
towards mathematics and save much 
time and talent. 

In mathematics the functional ap- 
proach in teaching usually begins with an 
overview of what is to be done, followed 
by an inductive- or scientific-method type 
of development. This inductive type of 
reasoning, which as you know was the first 
scientific method used in the search for 
truth, is still the best approach we know 
anything about to enable us to tie in with 
the personal experiences of our pupils. It 
leads, step by step, from known experi- 
ences to new experiences in such a way 
that there builds up within one’s thinking 
an urge to formulate a generalization. 
Surely, pupils who have been trained and 
encouraged to formulate principles by the 
inductive type of thinking are the ones 
who will most likely be able to apply the 
more formal mathematically sound deduc- 
tive-type proofs to their inductive gen- 
eralizations. 

From a geometry class comes this very 
interesting example of functional teaching. 
To this class the teacher, Miss Hart, 
spoke these words: “Surveyors, contrac- 
tors, real estate men, power-line men, 
boat-race men, and others often need to 
know the size of angles in a triangle. 
Many times, too, they need to know the 
sum of the interior angles of a triangle. 
Between now and tomorrow I would like 
to have you try to find some way of find- 
ing the sum of the interior angles of a tri- 
angle. If these two geometric facts, which 
you already know about, can be of any 
help to you, use them: 

1. A perpendicular drawn to a line forms 
right angles. 


2. When“two parallel lines are cut by a 
transversal the alternate-interior angles 
are equal.” 


On Tom’s back porch steps sat three 
members of Miss Hart’s geometry class. 
Said Tom, “If I walk over to that tree on 
my right, face left, and walk over to that 
next tree and again face left and walk 


' back here, I will almost be facing in the 


opposite direction (Fig. 1). On the other 
hand, if I walk completely around a tree I 
will turn threugh 360° and will be facing 
the same way I started. If walking a com- 
plete circle makes me face all the way 
around and walking a triangular path 
makes me face half way around, it looks 
to me that the sum of the interior angles 
of a triangle is 4 of 360° or 180°.” 

Dick suggested that they draw several 
triangles of different shapes and measure 
the angles of each triangle with a protrac- 
tor and add them. Using ten different tri- 
angles, the boys found the sum of the 
angles for each triangle to be 180°. 

At this point, Harry suggested that he 
would get his father’s vernier protractor 
and measure the angles of the triangles 
with it. Using the vernier protractor the 
boys found that the sum of the angles for 
some of the triangles was a little more and 
for some a little less than 180°. They were 
quite pleased, however, when they added 
the sums of the ten triangles and aver- 
aged them to find that they got 180° for 
each triangle. 


Figure 1 


© O 
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“Tt certainly looks as if the sum of the 
interior angles of any triangle is 180°, but 
can we be absolutely sure about this?’ 
asked Harry. “You certainly can’t,’’ re- 
plied Dick. ‘““You have to be awfully care- 
ful about reaching conclusions. For ex- 
ample, I was always certain that there was 
no such bird as a white robin until one 
built a nest in that tree last year.”’ 

In school the next day the boys ex- 
plained why they felt that the sum of the 
interior angles of a triangle is 180°, but 
not one of them could prove that this 
statement was true. So Miss Hart sug- 
gested that each member of the class 
draw a triangle and from the left and 
clockwise around it place the letters A, B, 
and C at the angle points. Then she asked 
them to construct the lines AD, BE, and 
CF perpendicular to the side AC (Fig. 2). 

“Can you give us one true relationship 
from your drawing, Tom?” asked Miss 
Hart. Tom replied, “Since ZDAC is a 
right angle by construction Z 1+ Z2=90°, 
and for the same reason Z ACF is a right 
angle and 24+Zy=90°. Thus, Zz+Zy 
+Z1+2Z4=180°.” 

Dick came in at this point with the 
facts that Z1=2Z2, alternate-interior 
angles, and for the same reason Z3= 24. 
This makes 21+ 24=22+2Z3=dZz. 

Harry finished the proof by saying, 
“Since it has been proved that Z7+Zy 
+Z1+2Z4=180° and 21+24= Zz, then 
it must follow that Zz+Zy+2Zz=180°. 


Figure 2 





Eureka! We have proved that the sum of 
the three angles of a triangle is 180°.”’ 

This example of functional teaching 
shows how the boys arrived at a generali- 
zation by induction. Then by deductive 
reasoning, one of the most powerful 
methods available to the mathematician, 
they proved that the sum of the interior 
angles of a triangle is 180°. 

As an example of the functional type 
of teaching in another field, we call your 
attention to the football coach. Even 
though the coach realizes that the boys 
do not know enough football to run the 
formations, block, and so on, he usually 
calls for a scrimmage the first week of 
practice. Terrible though this first scrim- 
mage may be, the coach knows that this 
is the best way to get the boys ready to 
play the games. Through scrimmage, the 
boys quickly and jarringly come to realize 
that there are some further things about 
football that they need to learn. In a very 
real sense the scrimmage creates a learn- 
ing situation. It puts the boys in the right 
mood to absorb the coach’s “know how” 
and to perfect certain necessary under- 
standings and skills. Thus, there follow 
cycles of scrimmages which give the over- 
all picture, instructions which develop 
understandings of things to be done, and 
drills to make the boys skillful in carrying 
out their assignments. 

The big objective in the functional type 
of teaching in mathematics, or any other 
field of study, is to make contact with the 
personal experiences of the pupils in such 
a way that they will see some value in 
what is to be done and get the feeling that 
they will learn something worthwhile by 
doing it. Only when pupils have been 
brought to see the sense of a thing and 
some good reason for learning something 
about it will the interrelationship between 
pupils and teachers be functioning in such 
a way as to develop “life meanings.” 
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Formulas can be fun 


J. MAURICE KINGSTON, University of Washington, Seaitle, Washington. 
Learning is the act of structuring experiences. 

Teaching is the act of aiding others to structure experiences. 

This paper is rich in suggestions for helping 

junior high-school children to structure experiences involving area. 


ONE CURRENT MEANS Of introducing high- 
school students to algebra is through the 
use of the common mensuration formulas, 
a method which I believe has considerable 
merit. However, there is a very real 
danger that many students may not un- 
derstand the significance of these formulas 
nor be aware of the ease with which these 
mathematical truths can be demonstrated. 

In what follows, the emphasis will be on 
the sequential approach, the building of 
one stage upon another, which I feel is so 
consistent with learning procedures in 
mathematics at all levels. I hope this 
treatment will serve also to give students 
a feeling for the dimensionality of each 
concept so that not only will the formulas 
have meaning but there will be less tend- 
ency to use an incorrect exponent, for 
example, in powers of the radius of the 
circle or sphere. 

The devices which I shall discuss are 
described in many arithmetic texts, e.g., 
in Robert Lee Morton’s Teaching Children 
Arithmetic,’ and in Burdette R. Bucking- 
ham’s Elementary Arithmetic.2 However it 
is their relative dependence on each other 
which I am most anxious to point out here. 

Throughout the elementary grades 
children have been encouraged to meas- 
ure and work with lengths. It seems to me 
that the most important feature associated 


1 Robert Lee Morton, Teaching Children Arith- 
metic (Chicago; Silver Burdett Company, 1953), 
Chap X. 

2 Burdette R. Buckingham, Elementary Arithmetic: 
Its Meaning and Practice, (Boston: Ginn and Com- 
pany, 1947), Chap. XV and XVI. 


with this concept is the necessity for hav- 
ing a unit of length with which to work. 
This is essential if our operations are to 
convey any meaning whatever to another 
person. Within reason any unit is em- 
ployable. The determination of the par- 
ticular unit to be used, however, is usually 
dictated by the distance to be measured. 
Once this choice has been agreed upon we 
can proceed to make informative state- 
ments in terms of this unit. I am going to 
assume, for the purpose of this discussion, 
that the concepts of perimeter and area of 
a rectangle, as well as the volume of a 
rectangular box, have become familiar to 
an average eighth-grader and thus our 
beginning point, the circumference of a 
circle, makes definite contact with his 
past mathematical experience. 

I would have a class compute the ratio 
of circumference to diameter in a number 
of circles, using string and the familiar 
tin can. When these results have been as- 
sembled it will not come as a shock to 
them that this famous ratio has been given 
a special letter, x (pi), in order to insure 
its eternal identification. With the for- 
mula C = rd = 2ar well established the basis 
is laid for the approximate verification of 
future formulas. 

In order to describe the amount of sur- 
face contained within a boundary we are 
faced again with the problem of finding a 
suitable unit, a hurdle similar to that 
we overcame successfully in the matter of 
length. Does it not appeal to the logic of 
our common sense that the surface of a 
square, each of whose sides is the accepted 
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unit of length, will do excellently as the 
unit of area, or one square unit? Only by 
having a clear understanding of the unit of 
area, can the product of the length and 
width of a rectangle be truly meaningful 
as the measure of its area. 

When we attempt to measure the two- 
dimensional space within a curved bound- 
ary, like a circle, ‘the situation is not as 
simple. The very existence of a unique 
area is, indeed, a matter for question. In 
order to obtain an intuitive answer to this 
problem we may equip ourselves with a 
number of paper squares in the form of 
square units, quarter square units, six- 
teenth square units, and so forth, and 
use them to cover the space within the 
circle. As we work closer and closer to the 
circle’s edge from both inside and outside 
we can see that it is possible to bring the 
maximum and minimum approximations 
for the area as close together as we wish 
and it becomes reasonably plausible to 
accept the existence of a unique “area.” 


fod 


To establish the formula for the area 
of any circle, I like to think of the cir- 
cumference as divided into a large, even 
number of equal arcs. When the sectors 
thus obtained are laid alternately adja- 
cent to each other, and their number is al- 
lowed to increase indefinitely, the result- 
ing figure approximates more and more 
closely a rectangle with sides r and ar, 
giving wr? for the required area. 



























































It is also possible to consider the area of 
the circle from another point of view, 
that of interpreting the previous sectors as 
approximate triangles of altitude r and 
with the length of each are as base. The 
product of radius and semi-circumference 
again produces the above formula for the 
area of the circle. 

Knowing the circumference of a circle, 
it would be no more difficult to determine 
the number of square units in the curved 
surface of a right circular cylinder one unit 
high than to investigate the area of the 
four faces of a closed, rectangular fence 
one unit high. Hence the area of the 
curved surface of a cylinder of radius r 
and height A units must be given by the 
product of circumference and height. 


oe 


It is now possible to investigate the sur- 
face area of a sphere and one method is to 
use a rubber or wooden ball cut in half. 
If a tack is inserted at the center of the 
diametral plane, a light weight cord of 
proper length can be laid continuously in 
a spiral around the tack to cover the space 
within the circle. If a similar procedure is 
carried out on the curved surface of the 
hemisphere, it is found that the cord re- 
quired to accomplish the latter is approxi- 
mately twice as long as the first cord. 
Hence the fact that the surface of the 
sphere is four times as large as the area of 
the diametral circle should no longer 
present any disturbing mystery. Again let 
us emphasize that we are not pretending to 
prove anything but are merely intending 
to make the results reasonable, attractive, 
and meaningful and to provide the stu- 
dents with a means of recalling them 
quickly to memory. At this point some 
bright student may be encouraged to 
make the remarkable discovery that, if a 
right circular cylinder is circumscribed 
about a sphere, the curved surface of the 
cylinder will have the same area as the 
sphere. 
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Before leaving the topic of surface area, 
let us note that a right circular cone can 
be cut along an element and the surface 
then laid out flat on a plane. If r represents 
the radius of the base and s the slant 
height of the cone, then, when flat, the 
surface covers a sector (with an are 
length 2zr) of a circle of radius s. Using 
the same procedure of alternate adjacent 
sectors, as in the case of the circle, we ob- 
tain a rectangle with sides s and rr, whose 
area is mrs. Alternatively we have here an 
elegant opportunity to illustrate the use of 
the principle of ratio to obtain the desired 
result. 


In the hope that the subject of area has 
been made more palatable by the above 
sequential treatment, let us turn our at- 
tention to the matter of volume. In ex- 
actly the same manner that the unit of 
area was deduced from the unit of length, 
we can now choose, as our unit of volume, 
the space within a cube of height equal to 
one unit of length, and base one square 
unit of area. The use of such a cubie unit 
makes it comparatively easy to introduce 
the formula for the volume of a rectangu- 
lar box. But if the volume of such a box 
is evidently the product of its base and its 
height, then it follows, logically, that the 
volume of a right circular cylinder must 
be obtained by multiplying the area of its 
base by its height. 

It is not difficult to construct a card- 
board cone to match the base and height 
of a cylindrical tin can. Using sand as the 
medium, students can repeat for them- 
selves the satisfying experiment of filling 
the cone three times in order to fill the 
cylinder once. 


The analogous treatment for the sphere 
may be accomplished by cutting a hollow 
rubber ball in two equal parts. The next 
step is to construct a cone with height and 
base radius both equal to the radius of the 
hemisphere. The final discovery to be 
made is that two cones of sand will fill the 
hemisphere. At this point it is very in- 
structive to obtain a cylinder with radius 
and height also equal to the radius of the 
hemisphere. The volumes of the cone, 
hemisphere and cylinder will then demon- 
strate the ratio 1:2:3. 


PEST eos 


It may also be advantageous to note 
that the same volume formula which 
holds for cones must hold, by a reverse 
limit argument, for pyramids. Accord- 
ingly, if we were to consider the surface of 
the sphere divided into very small 
squares, say, and the edges joined to the 
center of the sphere, we would have de- 
composed the sphere into a sum of near- 
pyramids all having the radius of the 
sphere as altitude. Therefore the product 
of one-third of the sum of all the bases 
(one-third of the surface of the sphere), 
by its radius, would again provide the ex- 
pression for the volume of the sphere. 

In conclusion, we should observe a com- 
mon feature associated with all our area 
formulas, whether area lw of a rectangle, 
s? of a square, zr? of a circle, 4zr? of a 
sphere or ars of a cone; they all involve 
two variables, thus demonstrating their 
two-dimensionality. On the other hand the 
volume lwh of a rectangular parallelo- 
piped, s* of a cube, mr’h of a cylinder, 
4ar*h of a cone and $2r* of a sphere, 
all reiterate the fact that such volumes 
are consistently three-dimensional. 

It is my hope that, by making the above 
verifications for themselves, students may 
be led to see very early some of the ele- 
gance and orderly arrangement of facts 
which is such an important and compelling 
attribute of mathematics. 
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T rigonometric functions of real numbers 


JOHN A. 


TIERNEY, United States Naval Academy, Annapolis, Maryland. 


The trigonometric functions 


of real numbers are of greater importance in mathematics 
than the trigonometric functions of angles. Why not make the change 


IN A RECENT ARTICLE! Richard V. Andree 
has discussed the desirability of intro- 
ducing the concept of a trigonometric 
function of a number. In this paper I 
would like to suggest a simple method of 
accomplishing this purpose and to indi- 
cate some of the advantages to be derived 
from it in elementary trigonometry and 
calculus. 








4 


oer 


Figure 1 





In Figure 1, @ is an arbitrary angle in 
standard position and AP its intercepted 
are On a unit circle with center at the 
origin. Positive and negative angles are 
measured in the usual fashion. We now 
set up a one-to-one correspondence be- 
tween the set of all angles and the set of 
real numbers. With each angle @ we asso- 
ciate the directed distance s through which 


! Richard V. Andree, ‘“‘Modern Trigonometry,” 
Tue Maruematics Teacuer, XLVIII (February 
1955), 82. 


in both high school and college courses? 


the point A moves as the angle @ is gen- 
erated.? For example 0° corresponds to 0, 
30° corresponds to 30/360(27) = 2/6, —90° 
corresponds to — 2/2, 540° corresponds to 
3x, etc. At this point the student should 
work a large number of exercises. Given 
an angle such as 15° he should be able to 
find from a rough sketch that the number 
associated with it is about 0.25 and given 
a number such as 0.4 that the angle asso- 
ciated with it is about 23°. The important 
point is that the association of angle and 
number should become natural for the 
student. This would require time and ef- 
fort but would result in clearer future 
understanding. 

We notice that the word radian has 
never been mentioned and that no special 
significance has been attached to the 
angle associated with the number 1. From 
similar figures it is now, shown that if 0 
intercepts an are S in a circle of radius R, 
then S= Rs where s is the real number as- 
sociated with @. Since s is thought of as 
an abstract number the dimensionality of 
this equation should not cause difficulty. 

We now define the sine of @ or the sine of 
s as the ordinate of point P in Figure 1. 
Similarly the other trigonometric func- 
tions are defined as functions of angles or 
as functions of real numbers. Drill would 
be given in approximating trigonometric 
functions of various angles and various 
numbers from a graph. Since we admit 


2 Length of a circular arc is discussed in books on 
plane geometry. 
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that the analytical aspects of trigonometry 
are far more important than the compu- 
tational, we might well argue that the 
trigonometric functions should be de- 
fined primarily as functions of real num- 
bers. The dual definitions suggested here, 
however, would permit the usual develop- 
ment of computational trigonometry. 

We now consider the graph of the func- 
tion y=sin x where x and y are real num- 
bers. From Figure 1 it is evident that we 
wish to show how Y varies with s.* It 
thus seems natural to use the same scale 
on the x and y-axes and to indicate mul- 
tiples of +/2 on the z-axis. These are 
clearly the values of s for which we can 
find Y by inspection. 

The graph of the inverse function y 
=sin~' z shows how s varies with Y and 
the function is seen to be multiple-valued. 
The equation could be read “‘y is a number 
whose sine is zx’ and principal values 
would be defined in the usual manner. 
The older notation y=arcsin x is very 
suggestive here since s is actually an are 
whose sine is Y. 

The graphs of functions like y=x+cos 
x now become more meaningful because 
the student need never think of an angle. 
Calculus books note that in expressions 
like sin z, x is measured in radians unless 
otherwise stated, but unfortunately this 
seems so unnatural to the student that he 
is often confused. 

In order to differentiate y=sin x we 
would present one of the well known argu- 
ments that 

sin ¢ 
lim ==], 


io ft 


3 It should be emphasized here that it is merely 
customary to denote the dependent variable by y and 
the independent variable by z. 


Most students will anticipate from Figure 
1 that 

lim —=1. 

0 8 
We can also point out that s need not ap- 
proach zero through positive values alone. 
We thus obtain the result that the deriva- 
tive of the sine of a number is its cosine. 
Then, when we develop the Maclaurin ex- 
pansion of sin z, it will seem just as natural 
as the expansion of the exponential func- 
tion. 

We now consider the following problem 
from the integral calculus: 

Find the area bounded by the z-axis, 
the y-axis, the line x=1, and the curve 
y=1/(1+2"). 

Applying the Fundamental Theorem of 
the Calculus we seek a function of x which 
is single-valued on the unit interval and 
whose derivative with respect to z is 
1/(1+2?). We obtain 


l dx 
A= f =tan"z| 
0 1+2? lo 


and frequently the student is mystified 


because he does not see bow an angle is 
related to the area under the given curve. 
(It is difficult enough for him to see that 
the area is computed by using only two 
values of tan-' x.) Using the approach 
suggested he would read the above as 
“the principal number whose tangent is 1 
minus the principal number whose tan- 
gent is 0.” 

In addition to eliminating some of the 
difficulties encountered by students of 
trigonometry and calculus, the above 
method leads more naturally to the defi- 
nitions of trigonometric functions of com- 
plex numbers. 


Trigonometric functions of real numbers 39 





An easily constructed chart for finding 
the roots of quadratic equations 


GEORGE BARNES, 


Humboldt State College, Arcata, California. 


High-school pupils may be interested 


in the construction and use of a chart to solve certain quadratic equations. 


THE REAL ROOTS of any quadratic equa- 
tion with rational coefficients may be read 
from a simple chart which can be con- 
structed on ordinary rectangular co- 
ordinate paper by means of a straight 
edge only. 

The chart is constructed by plotting on 
the co-ordinate paper the pairs of values 
which p and q, of the quadratic equation 
2?+px+q=0, assume if one of the roots 
takes on a constant value, say b. (It will 
be remembered that —p is the sum of the 
roots, and gq is their product.) The result 
of such a plot is found to give a different 
straight line for each different value of b. 

For simplicity the discussion and de- 
velopment of the method will be limited to 
positive roots; the extension to include 
negative roots will be obvious. Consider 
first the case where both roots are integral, 
and one of the roots has the value z=1. 
The other root, and also the product q of 
the roots, will be one of the numbers in the 
sequence 1, 2, 3,---,m,---, and the 
sum —p of the roots will be the cor- 
responding number in the sequence 
2, 3, 4, , (n+1), A straight line 
is obtained by plotting the q’s and corre- 
sponding p’s, which in this case are 
the points (1, 2), (2, 3), (8, 4), 
(n,n+1), , on rectangular co-ordinate 
paper with —» along the vertical axis and 


1 Editor’s note: For a similar chart and a more 
extensive discussion of the graphic solutions of equa- 
tions see T. R. Running, ‘Graphical Solutions of the 
Quadratic, Cubic, and Biquadratic Equations,” The 
American Mathematical Monthly, XXVIII (Novem- 
ber-December 1921), 415~—23. 


q along the horizontal axis. This is one of 
the lines on the graph shown in Figure 1. 
The slope of this line is +1 and its y- 
intercept is +1, therefore its equation 


must be 
—p=qtl. 


Other straight lines shown in Figure 1 
are obtained by giving one of the roots 
other integral values. If « =2, —p takes on 
the values, 3, 4, 5,---, (n+2), 
and q has the corresponding values 
2, 4, 6, +++) Su, -. The straight line 
obtained by plotting these q’s and corre- 
sponding p’s may also be found in Figure 1. 
Its slope is seen to be +4 and its y-inter- 
cept +2. Its equation is then 


=}9q+2. 


In the general case, where one of the 
roots is given the valueb, —p then assumes 
the values (b+1), (b+2), (b+3),---, 
(b+n), - and q takes on the corre- 
sponding velba b, 2b, 3b, , nb, - 
Upon plotting the q’s po Pa Be 
p’s for this case, it is seen that the slope of 
the straight line which results is +(1/b) 
and its y-intercept is +b. Then its equa- 
tion is 

; 1 

(1) } anes b q+b, 

where b may be either positive or negative. 
Moreover, b may also be fractional. By 
drawing in a large number of such lines 
and including positive and negative values 
of both p and gq, it will be seen that there 
is a parabolic region of the gp-plane 
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Figure 1 


through which no lines pass. The parabola 
is the envelope of the straight lines. Of 
course all the lines are tangent to the 
parabolic envelope. The parabolic region 


contains values of p and g corresponding 
to imaginary roots of the quadratic equa- 
tion, and these roots will be discussed 
presently. 
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Each line is the locus of points (¢, —p) 
for which one of the roots of the quadratic 
equation is b; and each (q,—p), corre- 
sponding to a pair of real roots of the 
equation, is the intersection of two such 
lines tangent to the parabola correspond- 
ing to the two real roots b; and be. (The 
two tangent lines and therefore the two 
roots for points on the parabola are 
identical. For points inside the parabola, 
the tangent lines as well as the roots of 
the quadratic equation are imaginary.) 

The numerical values of the b’s, and 
hence the roots of a given quadratic 
equation, may easily be found by reading 
the intercepts (see Equation 1) on the 
—p-axis of the two lines which pass 
through the point (¢, —p), where p and q 
are the constants in the quadratic equa- 
tion. 

Interpolation is possible if the lines 
through a particular point on the graph 
have not been drawn in. As an example, 
the roots of the equation z*°+6z+8=0 
will be found. Locate on the chart the 
point (8, —6). Two lines, whose intercepts 
on the —p-axis are —2 and —4, pass 
through this point. The desired roots of 
the equation are therefore x= —2 and 
z= —4. 

By more advanced methods,” the enve- 
lope of the family of straight lines given by 
equation (1) can be found. The two condi- 
tions that must be satisfied by any point 
on the envelope are given* by equations 
(1) and 


0 1 


0bL b 


The equation 
(3) p*=4¢q 


of the parabola (envelope) is obtained 
when b is eliminated between (1) and (2). 

As mentioned before, the part of the 
plane on the right of the vertical axis which 


is enclosed by the parabola contains 


2 Agnew, R. P., Differential Equations (New York: 
McGraw-Hill, 1942), 61-63. 
3 Tbid. 


points (q, —p) corresponding to quadratic 
equations whigh-have complex roots. Since 
the complex roots of a quadratic equation 
are always the conjugates of one another, 
the equation may be solved completely by 
performing the work of finding either root. 
For this purpose it is useful to discuss two 
sets of curves. These are: (a) the loci of 
points for which the imaginary parts of the 
roots are equal, and (b) the loci of points 
for which the real parts of the roots are 
equal. They are found by writing the 
quadratic formula in the form 


Oe 61a 
4) reo atig/a—™, 


where (q:, —p:) is the point in question. If 
the roots are complex, the first term of the 
right hand side of this equation indicates 
that the real part of both roots is the nega- 
tive of 37. Thus, the loci of points corre- 
sponding to complex roots with constant 
real parts are straight lines a distance 
— 4p, from the qg-axis and parallel to it. 

The other part of equation (4) shows the 
imaginary part to be the square root of the 
horizontal distance, between the point 
(41, —px) and the point where g=p;"/4 on 
the parabola of equation (3). The loci of 
points for which the imaginary parts of the 
roots are equal are parabolas with the 
g-axis as a common axis. Consider the 
equation x«*+8zr+18=0. In this example, 
pi= —8, m =18. The point (18, —8) is —2 
units from the parabola p?=4q (as meas- 
ured parallel to the g-axis starting from 
the point in question and going towards 
the parabola) and the imaginary part is 
therefore \/—2=i+/2. The roots of the 
equation are x= —4+7V/2. 

Although real roots can be read more 
easily from the p intercepts of the straight 
lines on the chart, the procedure just de- 
scribed for finding complex roots lends 
itself to finding the real roots as well. It 
must be remembered that the numerical 
sign of the distance from (qi, —p,) to the 
point on the parabola where q=p,;?/4 as 
measured in the positive g direction deter- 
mines whether a root is real or complex. 
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Let's stop hoarding our talent 


LEE A. DU BRIDGE, California Institute of Technology, 


Pasadena, California, 


This article appeared in The Saturday Review, August 4, 1956 and is 
reprinted with the permission of The Saturday Review and the author. 
This penetrating analysis of our ‘‘shortage’’ of engineers and scientists 
should provide educators with food for thought. 


I FEEL THAT a good many Americans are 
getting a little sick of hearing the argu- 
ment that we must do this, or that, just 
because the Russians are doing it. What 
the Russians are doing may be very im- 
portant in deciding what we should do— 
but to conclude that we must always copy 
what they do may be fatal. 

We don’t send thousands of people to 
concentration camps just because the 
Russians do. Nor do we deprive farmers of 
their land to fulfill a social theory. And 
we do not deprive men and women of the 
comforts of daily living in order that all 
raw materials, labor, and _ productive 
capacity may be devoted to building a 
military machine. In these and other 
things which destroy the initiative or 
freedom or happiness of the people the 
Russians, you might say, are “ahead of 
us’”’—and we are glad of it! 

“Being ahead” implies some kind of a 
race in which the two contestants are on 
the same track and going in the same 
direction. If instead they are on different 
tracks or are headed in opposite direc- 
tions, who is to say which is “‘ahead?” For 
example, the Russians are said to have 
more submarmes than we have. Does this 
mean we must hurry and build as many 
submarines as they have? Not necessarily! 
Their submarines are presumably directed 
at our absolutely vital sea traffic. Their 
sea traffic may be relatively small and un- 

1 The full text of Dr. Du Bridge's article will appear 
in the 1956 edition of the Age of Science. This excerpt 


is published with the permission of the editor of Age 
of Science. 


important to them. Hence our submarines 
would have little to do. What we need is 
something to kill their submarines. 

We hear over and over again the asser- 
tion that in the production of scientists 
and engineers “the Russians are ahead of 
us.” 

We might ask—what else can an am- 
bitious young man or woman prepare for 
in Russia other than science or engineer- 
ing? There is no great need there for stock- 
brokers or bond salesmen! For lawyers or 
bankers or preachers! There are not many 
opportunities for new business. 

We must be conscious of the fact that 
we cannot build the kind of a society we 
want unless enough smart youngsters go 
into business, law, economics, or govern- 
ment. Whatever we do to obtain more 
scientists must not be done at too great 
expense to other vital fields or to the free- 
dom of choice of the individual. 

Let us turn now to the nature of this 
shortage of scientists and engineers. I am 
sure you will hear the opinion expressed 
that, “‘since a large fraction of our tech- 
nically trained people are now engaged 
on military and atomic-energy projects, 
therefore as soon as the present cold war 
is over and the Department of Defense 
quits spending so much money there will 
be thousands of engineers out of jobs— 
and they will again be a glut on the market 
as they were in 1932.” 

It is to me perfectly obvious that in ten 
or twenty years, barring a world catas- 
trophe, we will need twice as large a frac- 
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tion of our working force engaged in sci- 
ence, engineering, and medicine as we 
have today. The task will be gigantic. 

If we could improve the efficiency of 
utilization of the 600,000 men and women 
already trained and at work in engineer- 
ing—by only five per cent this year—we 
would thereby add to the effective engi- 
neering force as much as all the new grad- 
uates of the class of 1956! Can such a 
thing be done? I think it could-—with 
effort. 

In the first place, since shrewd foresight 
is a great American virtue it is natural for 
every industrial manager to save up a 
few dollars for a rainy day—also a few 
tons of steel or copper or aluminum or oil 
or whatever he might need. Why not at 
the same time stash away a few engineers 
too? They’ll come in handy if that next 
big contract does materialize. And, be- 
sides, they can be put on the payroll of the 
other Government contracts in the mean- 
time and it doesn’t cost the company a 
dime to hang on to: them! 

How much of this goes on, if any? No 
one can prove a thing. But many an em- 
ployed engineer will tell you that this is 
happening. Besides, it is not illegal—and 
is indeed just a good example of that old- 
fashioned virtue of thrift! Only a program 
of education and propaganda can help, 
possibly with contract penalties for un- 
reasonable hoarding practices. Companies 
who have to pay for their own engineers 
will use them effectively. 

Many engineers complain that com- 
panies often fail to recognize the differ- 
ence between engineers and draftsmen. 
As a result, hundreds of engineers’ desks 
are jammed side by side in warehouse- 
type buildings amid all the clutter and 
clatter of typewriters, computing ma- 
chines and jangling telephones. We must 
never forget that the kind of engineering 
we are short of is not routine drafting but 
the kind of thinking that is elicited fully 
only under the best physical conditions. 

Industry is not the sole culprit. The 
Government too must take a great deal of 


blame for inefficiency and incompetent 
leadership. Furthermore, interservice ri- 
valries and consequent duplication in the 
military-weapons program, obsolete and 
cumbersome methods of making choices 
between rival enterprises or devices, the 
lack of any machinery for stopping any 
project that is under way—all these 
things require ten engineers to do the work 
of eight or fewer. 

I think I have said enough to illustrate 
the point. But this is only a short-range 
approach to our problem. It is at the level 
of the high school—and possibly even 
more in the sixth to eighth grade—that 
the really important increases in future 
supply of trained technical talent is to be 
found. And here again mere numbers are 
not the answer. 

In the field of manual labor if one man 
can’t lift a stone possibly two or three 
men can—or a machine can be found to 
do it. In the scientific or engineering field 
it is not assured that if one man can’t 
solve a problem then two or three or more 
can solve it. And certainly no machine 
will of itself do it. Creative ideas occur in 
the minds of single individuals. 

If the creative minds in high school can 
be encouraged to go to college—if we can 
give them more stimulating textbooks, if 
we can persuade their conselors that scien- 
tists are not just technicians who make 
terrible weapons, if we can bring parents 
out onto the frontiers of science to see the 
opportunities which exist for their chil- 
dren, if the whole community can learn to 
know the scientist not as an absent- 
minded professor intent on blowing up the 
world but as the man who has lifted 
civilization from Dark Age feudalism and 
slavery to twentieth-century liberty and 
enlightenment—and if the top 25 per 
cent, say, of the engineering graduates 
could be encouraged to go on to an ad- 
vanced degree, with possibly 10 per cent of 
them pursuing a doctoral degree, the 
quality of the nation’s research and de- 
velopment effort could be substantially 
improved. 
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The addition formulas 


FREDERICK H. YOUNG, Portland State College, Portland, Oregon. 
Teachers of trigonometry will be interested 
in the variety of ways they can derive the addition formulas. 


Ir HAS LONG BEEN recognized that the 
addition formulas are the heart of trigo- 
nometry. Indeed, Professor Rademacher 
and others have shown that the entire 
body of trigonometry can be derived from 
the assumption that there exist functions 
S and C such that 


(1) S(x—y) =S(x)C(y) —C(z)S(y) 
(2) C(x—y) =C(z)C(y) + S(z)S(y) 


(3) Te aaa 8 
z—0+ x 
It is not our purpose to go through this 
well-known development. Rather, we wish 
to demonstrate a number of different 
derivations of the addition formulas, 
showing the intimate connection of these 
formulas to a varied body of trigonometric 
and geometric material. Most of these de- 
rivations have appeared in texts or in 
journals. Several have appeared over the 
years in the American Mathematical 
Monthiy. 
Figure 1 
P 


PQ=cosA sinB sinB 


PS= sin (A+B) sinA sin8 


i] 
mn 


rcosB 





e-sinA cosB 





T 








Ss 


OS= cos(A+B) OT=cos A cosB 








tanA 
Figure 2 


Our basic assumption will be that the 
trigonometric functions are defined as co- 
ordinates on the unit circle. 

1. One of the most familiar derivations 
is based on Figure 1. The advantage of 
this method is that once it is pointed out 
that OP is unity and that angle QPR is A, 
the students can fill in the values of the 
remaining lengths and arrive at expan- 
sions for sin (A+B) and cos (A+B) for 
themselves. The objection to the method 
is that generalization to all angles is diffi- 
cult. 

2. A derivation based on the law of 
cosines is obtained from Figure 2. We have 


cos (A+B) 
sec? A+sec? B—(tan A+tan B)? 
25 2 sec A sec B 
2—2 tan A tan B 
= 2 sec A sec B 








=cos A cos B—sin A sin B. 


Again, generalization to all angles is a little 
involved. 
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Figure 4 











<—« Figure 3 


an 





tan A cosB 


3. The law of sines can be used in 
much the same way, provided that sin 
(90° — A) =cos A is derived independently 
from the original definition of the func- 
tions in terms of the unit circle (Fig. 3). 


sin (A+B) 
~ tan A cos B+sin B 


sin (90°—A) cos A 


1 ] 


sin (A+B) =sin A cos B+ cos A sin B. 

1. Another method, only superficially 
different from the previous one, is based 
on area. Area of I+II=(1/2) sec A sec B 
sin (A+B)=(1/2)(tan A+tan B) or, 
sin (A+B)=sin A cos B+cos A sin B 
(Fig. 4). 


Figure 5 


5. An interesting “lo-and-behold”’ proof 
can be based on Ptolemy’s Theorem that 
the product of the diagonals of a cyclic 
quadrilateral is equal to the sum of the 
products of opposite sides. In a circle of 
diameter 1, construct angles A and B as in 
Figure 5. The construction lines show that 
the other diagonal is sin (A+B). Hence, 
the expansion for sin (A +B) is immediate. 

6. A similar proof! uses the same circle 
of unit diameter and the same lemma that 
a chord in such a circle is the sine of the 
arc subtended (Fig. 6). 


1 See Householder, in American Mathematical 
Monthly, XLIX, 326. 


Figure 6 


cosA sin 
sin (A+B) 


8 
4 sinA cosB 





diameter = | 
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7. A simple derivation that was essen- 
tially given by Cauchy and that has the 
advantage, not shared by the preceding 
examples, of being general is based on the 
law of cosines and the formula for the dis- 
tance between two points (Fig. 7). 

d*? = (cos A—cos B)?+(sin A—sin B)? 

=1+1-—2 cos (A—B) 
cos (A —B)=cos A cos B+sin A sin B. 

8. A similar proof, avoiding the law of 
cosines, can be based on the Pythagorean 
Theorem alone (Fig. 8). 

d,?=d,*, or 
(1—cos (A+B))?+sin? (A+B) 
=(cos B—cos A)*?+(sin B—sin A)? 
cos (A+ B)=cos A cos B—sin A sin B. 

9. A variation of the preceding method 

is based on Figure 9. 


Figure 7 


(cosB, sinB) 





os (A+BY" sin(A+B) ) 








(cos A,-sinA) 











i 


Figure 9 





Figure 10 


Equating d; and d2, we get the expansion 
of cos (A —B). 

10. If A and B are acute angles, the 
rather messy derivation below can be used. 
Here, AD is the altitude from A (of 
length k), BE is the altitude from B (of 
length h), AE=2, and BD=y (Fig. 10). 
Then 

h?=a*—(b—2z)?, 
c=h?+22=a?—b?+2bz, and 
c?=k?+y?=b?—a’+2ay, whence 


h k 
ce? =ayt+br=y ——+2— > or 
sinC sin? 


9 


2 =b?—(a—y)? 


y 
c 


sin C= 


kz 
y anne 
c Cc 


=sin A cos B+sin B cos A. 
But 
sin C=sin (180°—(A+B))=sin (A+B). 


Again, this latter step follows from the 
original definitions of the functions. 
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me 


Figure 11 


11. Another general derivation follows 
from the polar co-ordinate equation of a 
circle. If the rectangular co-ordinates of P 
are (a, b), (Fig. 11) it is easily shown that 
the polar co-ordinate equation of the circle 


is 
r=a cos 6+5 sin @. 


If we make the diameter of the circle unity, 
then 
r=cos B cos 6+sin B sin 8@. 
However, another form of the equation of 
the circle is clearly 
r=cos (@—B). 

12. A final general derivation is based 

on the formula for the distance from a 


point to a line. The equation of line (1) is 
x sin A+y cos A=0 (Fig. 12). The dis- 
tance from P to (1) is then 
d=sin (A+B)= 
+(sin A cos B+ cos A sin B). 

If A=0°, we have sin B= +sin B. Thus 
the + sign must be chosen. Similarly, if 
(2) is normal to (1), it follows that 


cos (A+B)=cos A cos B—sin A sin B. 


P : 
(cos B, sinB) 








Figure 12 


There are undoubtedly many more ele- 
mentary ways of obtaining these expan- 
sions. What is your favorite? 





Have you read? 


WEAVER, WarRREN, “Lewis Carroll; Mathe- 
matician,’”’ Sctentific American, April 1956, 
pp. 116-128. 


Alice in Wonderland is a household word to 
most of us, but few know the author, Rev. 
Charles Lutwidge Dodgson. His pen was very 
productive, having written over nine hundred 
items. Fifty-eight of these dealt with mathe- 
matics and logic. He wrote texts on arithmetic, 
algebra, trigonometry, plane geometry, and 
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analytic geometry. The most serious was Euclid 
and His Modern Rivals. 

This article, however, deals with the ques- 
tions of Dodgson’s proficiency in the field. It 
points out his accomplishments as well as his 
deficiencies. Your students will be interested in 
the discussion of his pillow problems, his barber 
shop paradox, and his notes on the infinite unit. 
They will be led to wonder, as was Alice.— 
Puiie Peak, Indiana University, Bloomington, 
Indiana. 
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This isn’t bonehead math! 


ORVIN P. BARNEY, Jefferson High School, Portland, Oregon. 
Refresher courses need carry no stigma. 
Much depends on the teacher’s attitude. 


Many SsENIors at Jefferson High School 
in Portland, Oregon, are taking a refresher 
course in mathematics, not because they 
must have it to graduate, not because they 
were programed for it against their will, 
but because they want it. Because they 
feel the need and desirability of the in- 
struction, students are requesting that 
they be programed for MR, mathematics 
refresher. 

Four years ago, in 1952-53, when a half- 
year course was initiated, students who 
were two years, or more, retarded in 
arithmetic fundamentals were programed 
for the semester class. End-of-semester 
tests showed such excellent growth in 
arithmetic computational ability that a 
full-year course was offered in 1953-54 
and has been given each year since that 
time. In 1954-55 there were four full-year 
sections. This year the number has in- 
creased to seven full-year sections. The 
unexpected increase in enrollment can be 
attributed not only to continued program- 
ing in refresher mathematics of students 
who are retarded, but also to the increased 
popularity of the course. There is no longer 
a stigma attached to the course. 

In 1952, when the course had its be- 
ginning, it was commonly referred to as 
“Bonehead Math.” The teachers of the 
course, the counselors, and the administra- 
tors of the school all began an active edu- 
cational campaign to remove the taint 
previously placed on the course by stu- 
dents and teachers alike. Today this stig- 
ma has been, in most part, replaced by a 
healthy realization that only those stu- 
dents capable of benefiting by instruction 


are allowed in the course. Students who 
have passed their arithmetic placement 
test, but who really do need the course, 
are encouraged to take it. Those students 
who do not need further basic arithmetic 
instruction are not allowed to enroll in 
refresher mathematics. And those stu- 
dents who cannot benefit from further 


‘instruction are programed for subjects or 


classes where they can more profitably 
gain from the instruction given. Because 
the course has become a more desirable 
course, many boys and girls who feel the 
need of “brushing-up” in arithmetic 
before leaving school are electing refresher 
mathematics voluntarily and are receiving 


_ worthwhile instruction. 


A statistical evaluation of 65 students 
in three sections of the 1954-55 MR class 
at Jefferson High can well demonstrate 
the effectiveness and usefulness of re- 
fresher mathematics. The Hundred-Prob- 
lem Arithmetic Test, Forms V and W,! 
were given to the students. One form was 
given in the fall before instruction began, 
the other form in the spring near the com- 
pletion of the school year. 

Before After 
Test Score Mean Instruction Instruction 


(problems correct) 36.7 65.9 
Standard Deviation 16.1 17.7 


The mean (average) number of prob- 
lems answered correctly at the end of the 
year was 29.2 greater than the mean at 
the beginning of the year. Upon subjecting 
this information to statistical analysis, it 


1R. Schorling, J. R. Clark, and M. A. Potter, 
Hundred-Problem Arithmetic Test (New York: World 
Book Co., 1942). 
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was discovered that this difference was 
significant to the point that an increase of 
this magnitude could not possibly have 
happened by chance. Therefore, on the 
average, the students did significantly 
improve in arithmetic computational pro- 
ficiency during the year 

The proof of the course, however, need 
not depend upon statistical analyses. 
Many students have expressed, with warm 
enthusiasm, their regard for the help they 


gained from the course. 

At the completion of the final standard- 
ized test, one girl said she knew she had 
learned a lot about arithmetic during the 
year, regardless of how her test turned 


out. 
Another girl, with a part-time job that 
required mathematics, said she had been 


helped a great deal by her increased un- 
derstanding of arithmetic. 

One graduate, who now works for a 
grocery chain store, says he thinks his 
refresher mathematics was the most im- 
portant class he had in high school. He 
also expressed concern over the fact that 
the high school students he knew could 
not be persuaded to take their basic 
arithmetic fundamentals seriously. 

Many students, boys and girls alike, 
have expressed their belief that they 
learned more, or at least received more 
benefit, from a refresher course in mathe- 
matics than they did from all the other 
mathematics they had. Even if this state- 
ment is somewhat discounted as excess 
exuberance of youth, it still speaks well 
for MR (mathematics refresher) 





Mathematics for Decision Makers 


Business executives recently have been 
flooded with descriptions of the wonders that 
can be performed with the aid of such devices 
or techniques as electronic computers, mathe- 
matical programing (linear programing and 
some aspects of operations research, for exam- 
ple), and servomechanisms or information the- 
ory. Some of these are the result of refinements 
in devices and techniques that have been used 
or known for a relatively long time. Others are 
relatively new. All of them require fairly ex- 
tensive knowledge of certain branches of mathe- 
matics, on the part of someone, in order that 
they can be thoroughly understood and operated 
to advantage. 

Does this mean that mastery of calculus, 
matrix algebra, probability theory, and topology 
is becoming a management prerequisite? Defi- 
nitely no. Does it mean that the top executives 
of tomorrow must be better skilled in funda- 
mental operations like calculating percentages 
and working out equations? Not necessarily. 
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Does it mean that more understanding of the 
mathematical approach to problems will be use- 
ful to the man who makes important business 
decisions? Unqualifiedly yes. 

The recent developments in this field do not 
change the basic character of the decision mak- 
ing that the businessman must do. Rather, they 
permit more rigorous formulation of the prob- 
lems he faces, facilitate the figuring of possible 
situations for him to consider, and add explicit- 
ness and quantification to the terms in which he 
frames his decisions. At the same time, it cannot 
be denied that a top executive would benefit 
from knowledge of certain kinds of mathematics. 
This has always been true. The only difference 
is that now, because of the technical advances 
that have been made, the task of understanding 
and communicating is more difficult and the po- 
tential of usefulness is richer.—-By R. K. Gaum- 
nitz and O. H. Brownlee, Taken from the Harvard 
Business Review for May—June 1956. 
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Squaring a circle 


JUAN E. SORNITO, Centra Philippine University, Iloilo City, Philippines. 
It is impossible to construct a square equal to a given circle 

by the exclusive use of a straight edge and compass. 

This paper is intended to present a solution to this problem with a slight 
departure from the purely “‘straight-edge-and-compass”’ method. 


[F A SQUARE is to have equal area with a 
given circle, then s?= xr? or s = +/ar, where 
r is the radius of the given circle and s is 
the side of the required square. Therefore 
s is the magnitude to be determined. The 
first step to determine s is to represent x 
by a straight line. This line is equal to the 
circumference of a circle of unit diameter. 
Hence, it is necessary to “rectify” a circle 
whose diameter is equal to 1, that is, to 
determine a straight line whose length is 
equal to the circumference of a circle of 
unit diameter. The second step is to repre- 
sent by a straight line the square root of 
x. The third step is to represent s, the 
product of w and the radius of the given 
circle. The fourth and last step is to con- 
struct a square with s as a side. These steps 
are taken successively in the following 
solution. 


SOLUTION 
Given: The circle with center at 0 and 
diameter equal to 1. 
Problem: To construct a square equal to 
the given circle. 
Construction: Let AY be perpendicular to 
AX (see figure). The circumference of the 
given circle is equal to 2zr. 
Step 1. 
(a) Measure AP equal to $r. 
With P as center, construct a major 
are AB equal to ¢ of the circumfer- 
ence. (Construct angle APB equal 
to 90°) Then major are AB is equal 


to the circumference of the given 
circle. 

2a (4r)(2) =2zr length of the arc AB. 
Measure AQ equal to #r. 

With Q as center, construct major 
arc AC equal to 2 of the circumfer- 
ence. (Construct angle AQC equal 
to 120°). Then are AC is equal to 
the circumference of the given circle. 
2x(r) (2) =2zr length of the are AC. 
With R (AR=2r) as center, con- 
struct are AD equal to the semi- 
circumference. 

This is obviously equal to the cir- 
cumference of the given circle, since 
the radius is equal to 2r. 

Measure AS equal to 3r. 

With S as center, construct are AE 
equal to 4 of the circumference. 
(Construct angle ASE equal to 
120°.) Are AE is equal to the cir- 
cumference of the given circle. 
2x(3r)(4) =2rr length of are AE. 
AD=4r. 

With D as center, construct are AF 
equal to } of the circumference. 
(Construct angle A DF equal to 90°.) 
Are AF is equal to the circumfer- 
ence of the given circle. 


2(4r)(4) =2ar length of arc AF. 


Measure AT equal to 6r. 
With 7 as center, construct are AG 
equal to 3 of the circumference. 
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(Construct angle A 7G equal to 60°.) 
Are AG is equal to the circumfer- 
ence of the given circle. 

2r(6r)(%) =2ar length of are AG. 


Measure AU equal to 8r. 

With U as center, construct are AH 
equal to } of the circumference. 
(Construct angle AUH equal to 
45°.) Arc AH is equal to the cir- 
cumference of the given circle. 


By continuing the process, taking one 
longer radius at a time, the are will ap- 
proach the straight line A X. Connect the 
points A, B, C, D, E, F, - - - , ete., witha 
smooth ‘curve and prolonged until it 
crosses the line AX at J. It will be ob- 
served that the are approaches AJ, as the 
radius approaches ©. Therefore AJ is 
equal to the circumference of the given 
circle, equal to zx. 


Step 2. 


To determine the square root of x or AJ. 
Measure KJ =the diameter of the given 


circle. Upon KA as diameter, construct a 
semicircumference. At J, erect a perpen- 
dicular to KA. Let this perpendicular in- 
tersect the semicircumference at J. Then 
IJ is equal to the square root of x, since 
IJ is the mean proportional between KJ 
(1) and AT (zm). 


Step 3. 


To determine s or \/zr. 

From K draw KL making any conven- 
ient angle with KA. Measure JM equal to 
r, and KN equal to IJ. Draw NJ and ML 
parallel to NJ. Then 


KI IM cae ~ 
—— =— or ——=— or 8=/ar 
KN NL VF 8 


Step 4. 


With s as the length of a side, construct 
a square. This square has the same area as 
the given circle, i.e. s?=ar?. The square 
NV is the required square. 





In the figure: 
AO=r 
AP=PB=4r 
AQ=QC = jr 
AR=RD=2r 


AS=SE=3r 
AD=DF=4r 
AT=TG=6r 
AU=UH=8r 


Al=r 

KI=l1 
IJ=KN=/4r 

IM=r 


NL=s the side of the required square 
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Another approach to the nine-point circle 


JOHN SATTERLY, University of Toronto, Toronto, Canada. 


1. Let ABC (Fig. 1) be a plane A, and 
D, E, F the mid-points of its sides. The 
ADFEF is similar to the AA BC and of one- 
half its linear dimensions. Let O and N be 
the centers of the circumcircles of the 
AABC and DEF. (The diagram shows the 
usual method of their location.) Evidently 
the radius of the circumcircle of the ADEF 
is one-half the radius of the circumcircle 
of the AABC. 





Figure 1 


2. Draw the perpendiculars AK, BL, 
and CM (Fig. 2) from the vertices of the 
AA BC upon the opposite sides. These per- 
pendiculars are called the altitudes, or 
orthogonals, of the AA BC—I prefer the 
latter term. These orthogonals are con- 
current at H, the orthocenter of the 
AABC. Bisect HA, HB, and HC at P, Q, 
and R respectively. Complete the APQR. 
Evidently the APQR is similar to the 
AABC and of one-half its linear dimen- 
sions. The diagram shows the construction 
for its cireumcenter N’. Obviously the 
radius of the circumcircle of the APQR is 
one-half the radius of the circumcircle of 


the AABC, 


An old friend in new dress. 





Figure 2 


3. Figure 3 shows the two ADEF and 
PQR superposed on the same AABC. It 
also shows that the N of Figure 1 is the 
same point as the N’ of Figure 2 and that 
the two ADEF and PQR have the same 
cireumcircle. 





Figure 3 


For proof, join FQ and ER to get a 
rectangle EFQR whose diagonals intersect 
at the middle point which is obviously N 
(or N’, which we shall call in future NV). 
Also join DQ and EP and to get another 
rectangle DEPQ whose diagonals also 
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intersect at N. Join DR and PF for a third 
rectangle, DRPF, whose diagonals inter- 
sect at N. Thus we conclude that the 
ADEF and PQR have a common circum- 
circle and that DP, EQ, and FR are 
diameters of this circle. 

Also since each of the ADKP, ELQ, 
and FMR is a right triangle the circum- 
circle of the ADEF and PQR passes 
through K, L and M, the feet of the or- 
thogonals. 

We have, therefore, nine points all lying 
on the same circle, viz., D, E, F, the mid- 
points of the sides; K, L, M, the feet of the 
orthogonals; and P, Q, R, the mid-points 
of the portions of the orthogonals lying 
between the orthocenter H and the verti- 
ces of the AABC. Hence the name—the 
Nine-Point Circle. 

We also see from Figure 3 that the 
points H, N, and O lie on a straight line 
with N as its mid-point. 

1. Figure 4 shows also that the centroid 
G (obtained as the common intersection 
of the three medians AD, BE, and CF) also 
lies on the same line and divides it so that 
HG =2G0. This important line, HNGO, is 
called the Euler Line, after its reputed 
discoverer. 

Another important property of the nine- 
point circle is illustrated in Figure 4. It 
shows that the nine-point circle touches 
the incircle of the AABC. The incenter J 
is the common intersection of the bisectors 
of the 4A, B, and C. (The bisectors have 
been removed from the diagram.) The 
point of contact 7 is obviously on NJ pro- 
duced. As a matter of fact, the nine-point 
circle not only touches the incircle but also 
touches the three escribed circles of the 
AABC. This is known as Feuerbach’s 


Figure 4 


Theorem, after its first enunciator. 

All the above results can, of course, be 
obtained theoretically by geometry and 
trigonometry as well as the fact that the 
distance NIJ is equal to the difference 
between the radii of the nine-point circle 
and the incirele. The position of 7’ may, 
of course, be calculated. One method of 
locating 7 is shown in Figure 4. This is 
to join OJ and drop a perpendicular AS 
upon it. The image of S in EF gives the 
position of 7’. We may also note that T' is 
always in that region of the two circles 
which faces the intermediate-sized angle 
of the three angles A, B, and C. 

Further amusement and _ instruction 
may be obtained by redrawing Figures 3 
and 4 for equilateral, tall-isosceles, right- 
angled, and scalene triangles. Lack of 
space forbids their reproduction in this 
paper, but interest in them will certainly 
provoke the reader to get out his drawing 
instruments. 

Further reference may be made to R. A. 
Johnson’s Modern Geometry published by 
Houghton Mifflin Company, to other 
advanced textbooks on geometry and 
trigonometry, and to the mathematical 
magazines. 
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College mathematical training for 
students specializing in agriculture 


We 


LAYTON, Stephen F. Austin State College, Nacogdoches, Texas. 


A summary of a research study on 


the mathematical requirements of seventy-five agricultural colleges 


OF INTEREST as we consider the topic be- 
fore us is the doctoral dissertation by 
Clarence Monk, The Place of Mathematics 
in Modern Agricultural Education in the 
United States.2 Monk corresponded with 
the heads of eight divisions of agriculture 
in one land-grant college in each of the 
forty-eight states and studied commonly 
used agricultural textbooks recommended 
by the land-grant colleges to determine 
the mathematical concepts employed in 
these books. 

While the Monk study emphasizes 
findings in forty-eight land-grant colleges, 
the present investigation deals with opin- 
ions from seventy-five institutions of 
higher learning, both public and private, 
in forty states. It was felt that it might 
be of considerable interest to make a dif- 
ferent type of analysis from that of 
Monk since there are quite a few colleges 
other than land-grant colleges offering 
programs of specialization in agriculture. 

The purpose of the present study is to 
survey the mathematical requirements of 
colleges throughout the nation offering 
programs in agriculture and to analyze 
the opinions of representatives of these 
colleges as to the mathematical training 
most desirable for college students of 
agriculture. 


1 Condensed version of a paper presented at the 
Fifteenth Summer Meeting of The National Council 
of Teachers of Mathematics at Bloomington, Indiana, 
August 21—24, 1955. 

2 (New York: Columbia University, 1952). 
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located in forty states. 


In order to collect data a questionnaire 
was sent in November, 1954, to a wide 
distribution of colleges to be completed 
by the head of the department of agricul- 
ture or some member of his department 
designated by him. Requirements for 
students of agricultural engineering were 
excluded from the questionnaire, but re- 
quirements for those preparing for Smith- 
Hughes work in agriculture and all others 
who major or minor in agriculture were 
included. 

The questionnaire was divided into 
four sections: (1) general questions con- 
cerning the individuals and institutions 
responding; (2) entrance requirements in 
mathematics; (3) present requirements in 
college mathematics; and (4) recommen- 
dations concerning college mathematics. 

In each of the forty states participating 
in the survey there were usually from 
one to three institutions who responded. 
Enrollment figures of the colleges in the 
study show that thirty-three have fewer 
than 2500 students, seventeen between 
2500 and 5000, and twenty schools have 
over 5000 students. 

Let us consider now the entrance re- 
quirements in mathematics. The question 
was asked, “How many high school units 
in mathematics are required for entrance 
for your freshman agricultural students? 
(Do not include agricultural engineering 
students.)’’ The seventy-five colleges an- 
swering this question have requirements 
for freshman agricultural students ranging 


and 





from zero to three high school units in 
mathematics for entrance. Thirty-five 
schools require at least one unit of high 
school algebra while twenty-six require a 
unit of plane geometry for entrance. Only 
one of the colleges specifies general mathe- 
matics. Some schools require entrance 
units in mathematics but do not name 
specific courses. 

The third division of the questionnaire 
concerned present requirements in college 
mathematics. The first question in this 
division asked what mathematics is re- 
quired in the Smith-Hughes program for 
prospective agriculture teachers. In the 
schools which offer Smith-Hughes work, 
the courses most frequently required are 
college algebra by twenty schools, agri- 
cultural mathematics by ten, and trigo- 
nometry by seven. Eleven of the colleges 
require no mathematics in the Smith- 
Hughes program. For the schools which 
require mathematics here, the mean of all 
mathematics required is 3.91 semester 
hours. 

The second question in this division of 


the questionnaire asked what mathe- 
matics is required of students who major 
or minor in agriculture other than those in 


Smith-Hughes training or agricultural 
engineering. Thirty-three colleges which 
offer majors or minors in agriculture re- 
quire college algebra. Nineteen require 
trigonometry, and twelve agricultural 
mathematics. No mathematics is required 
by twelve of the colleges. However, in the 
colleges which do require mathematics, 
the mean is 5.55 semester hours. 

The fourth section of the questionnaire 
dealt with recommendations in college 
mathematics. The first question was: 
‘What mathematics do you think should 
be required in the Smith-Hughes program 
for prospective agriculture teachers?’ 
Thirty-two colleges recommend agricul- 
tural mathematics in the Smith-Hughes 
program. Twenty-six specify college alge- 
bra and eighteen trigonometry. The mean 
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of mathematics recommended for the 
Smith-Hughes program is 4.92 semester 
hours. 

The second question in the fourth part 
of the questionnaire dealt with the mathe- 
matics which should be required of stu- 
dents who major or minor in agriculture 
other than those in Smith-Hughes train- 
ing or agricultural engineering. College 
algebra and agricultural mathematics 
are both recommended by thirty-three 
schools and trigonometry by twenty- 
three schools. This is in contrast tothe pres- 
ent requirements in the colleges studied 
where almost three times as many colleges 
require college algebra as require agricul- 
tural mathematics. The mean of all mathe- 
matics recommended for students who 
major or minor in agriculture is 5.43 se- 
mester hours. 

The last question in the final division 
of the questionnaire was: “If you favor 
agricultural mathematics instead of col- 
lege algebra and/or trigonometry, will you 
please react to the following topics which 
might be included in agricultural mathe- 
matics.”” Seventy-three items were in- 
cluded with this question and all respond- 
ents who favored agricultural mathe- 
matics were asked to vote whether each 
topic was highly desirable, desirable, or 
should be omitted from a course or courses 
in agricultural mathematics. Those an- 
swering the questionnaire were also given 
the opportunity to indicate any other 
topics which they felt were important. 
Forty-six topics were declared highly de- 
sirable in agricultural mathematics by 
fifty per cent or more of the forty colleges 
included in this study that advocate agri- 
cultural mathematics. These forty-six 
topics in the main could be classified as 
arithmetic, algebra, and their special 
applications to agricultural problems. 
There were also a few topics which are 
frequently treated in business mathe- 
matics, physics, statistics, and trigonom- 
etry. 
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SUMMARY Smith-Hughes training, agricultural math- 


1. Requirements for freshman agricul- | ematics was in first place. 
tural students ranged from zero to three 5. College algebra and agricultural ma- 
high school units in mathematics for en- —_ thematics tied for top place in the list of 
trance. Algebra and plane geometry were mathematics courses recommended for 
the courses most frequently specified. majors and minors in agriculture other 
2. Of the mathematics required for than those in Smith-Hughes training or 
Smith-Hughes programs, college algebra agricultural engineering. 
was the subject required most frequently. 6. The recommendations resulting from 
3. College algebra led again in the this study are quite different from the 
mathematics required for those who requirements now made by the colleges. 
major or minor in agriculture. This did |The data seem to indicate that there is a 
not include Smith-Hughes students or growing interest in requiring agricultural 
agricultural engineers. mathematics instead of college algebra 
4. Under the heading of mathematics and/or trigonometry in the curriculum for 
recommended for those specializing in college students specializing in agriculture 





The visible figures by which principles are 
illustrated should, so far as possible, have no 
accessories. They should be magnitudes pure 
and simple, so that the thought of the pupil may 
not be distracted and that he may know what 
feature of the thing represented he is to pay at- 
tention to. 

Thus, when the pupil comprehends clearly, 
by means of dots arranged in a rectangle, that 
three fives contain the same number of units as 
five threes, . . . then it may be expressed to him 
in general form, aXb=b Xa.—Committee of Ten, 
1892 





The progress of mathematics is not smooth, 
nor is the science as the layman imagines, a col- 
lection of subtle principles and infallible results, 
springing mysteriously yet convincingly into 
the minds of their inventors. Its discoveries 
have, in general, not won immediate or universal 
acceptance, for mathematics, like every other 
system of organized knowledge, owes its de- 
velopment to the insight of thinkers whose 
creative imagination has led them to results 
which often startled themselves and their con- 
temporaries.—M. Black, The Nature of Mathe- 
matics. 
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simple but fruitful arithmetic 


RICHARD V. ANDREE, University of Oklahoma, Norman, Oklahoma. 
Teachers who are looking for enrichment material 
will find that these ideas supply an excellent introduction 


BEING MATHEMATICS TEACHERS, you of 
course know all about arithmetic. Modern 
computing machines can perform two 
thousand multiplications or divisions of 
ten digit numbers in, not a week, or a day, 
or an hour, not even in a minute, but in 
one second! To be truthful, such big 
numbers frighten me. I’m going to talk 
about a system having only seven numbers, 
0, 1, 2, 3, 4, 5, 6. 

What can you do with only seven num- 
bers? You can do almost anything you can 
do in ordinary arithmetic. The secret is 
that if we ever arrive at a number other 
than 0, 1, 2, 3, 4, 5, 6, we simply subtract 
(or add) a multiple of 7 which will give 
us a number in our system. Saying it in 
another way, two numbers are equal, 
mod 7, if they yield the same remainder 
when divided by seven. For example, 
a=b mod 7 if a=b+k-7 for some whole 
number k. To remind you that we are 
using special rules I’ll write = for equal- 
ity in place of the usual =. 

In this system 3+4=0 and 3—4=6. 

You can see that negative numbers are 
unnecessary. Also 3X4=5 but what 
about 3+4=? 

Let us examine exactly what we mean 
by the fraction 3 +4. It is the unique solu- 
tion of the equation 42=3. Similarly we 
define the mod 7 solution of 4x=3 to be 
3 +4 in our new system. 

4x23 
x=6 mod 7. 


Thus 3+4=6. (Try it and see, 4:6 
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to some worth-while ideas. 


=24=3, mod 7.) Isn’t this an interest- 
ing system? It permits us to do division 
without having to use fractions—indeed 
the system contains no fractions! 

Let us examine the quadratic equation 
z’+2+5=0. Since there are only seven 
numbers in this system, we may solve the 
equation by direct substitution, finding 
that z=1 and x=5 are solutions. (Note 
that they are not imaginary numbers.) On 
the other hand, the quadratic equation 
x?+2zx+5=0 has no solutions whatso- 
ever in the mod 7 system. 

By studying this very simple system 
you may gain great insight into the heart 
of arithmetic and algebra. Even more 
can be gained by also studying the mod 6 
system. Mod 6 system contains only six 
numbers 0, 1, 2, 3, 4, 5 and a=b mod 6 if 
a=b+k6 for some whole number k. The 
mod 7 system obeys the usual laws of al- 
gebra but the mod 6 system violates the 
cardinal rule by which algebraic equations 
are solved, namely AB=O if and only if 
A=0 or B=0. Note that 40, and 30, 
but 4X3=12=0 mod 6. The quadratic 
equation 2z?+4=0 has solutions x=1, 2, 
4, 5 (Bargain day!) while z?+2=0 has 
only x=2 and 4 as solutions. Thus “di- 
viding through the equation” has lost 
two roots for us. Why? I trust you will 
carry out further experiments in these 
interesting modern number systems. Your 
students may enjoy them while discover- 
ing some fundamental concepts behind 
the algebraic and arithmetic manipulation 
which they so glibly perform. 


January, 1957 





@ HISTORICALLY SPEAKING, — 


Edited by Phillip S. Jones, University of Michigan, Ann Arbor, Michigan 


The history of mathematics as a teaching tool 


Raleigh Schorling once commented that 
for all that a knowledge of the history of 
mathematics had long been advocated by 
himself and others as a necessary part of 
a mathematics teacher’s kit of tools, it 
still seemed to have had little effect on 
actual classroom practices. The purpose 
of this note is to suggest principles and 
procedures for making history a more 
useful and effective teaching tool. Addi- 
tional principles relating to the use of his- 
torical materials in a classroom, concrete 
illustrations of these new principles or 
additional illustrations of those set forth 
in this article, pictures or descriptions of 
historically based or related projects, 
lists of historical materials and books 
which may be useful will all be welcomed 
by this department of Taz MATHEMATICS 
TEACHER. 

There are at least three broad categories 
of functions which may be performed by 
properly used historical materials. These 
are: (1) they may clarify meanings, give 
insights, and sharpen understandings of 
mathematics itself; (2) they may give 
students desirable ‘appreciations’; and 
(3) in addition to contributing directly to 
the achieving of such desired outcomes as 
mathematical understandings and appre- 
ciations, they may also serve as primarily a 
pedagogical device for improving instruc- 
tion, that is as a methodological tool. 

One of the more important understand- 
ings to be sought in teaching mathematics 
is an understanding of its structure, which 
involves in turn an understanding of the 
nature and role of undefined terms, defi- 


nitions, axioms, and the logical deduction 
of theorems. For example, in geometry 
a presentation and discussion of Euclid’s 
definitions of a point (“a point is that 
which has no part”) and a line (“a line 
is breadthless length’’)' help to bring 
out the need for undefined terms, and 
illustrate that intuitive and physical con- 
cepts which are not mathematics have 
nevertheless often stimulated the thinking 
of mathematicians and influenced their 
choice of undefined terms and axioms. 
This sort of discussion also helps students 
understand the ‘ideal’? nature of true 
points and lines as opposed to the physi- 
cal representations of points and lines 
which they draw. Both the utility and the 
dangers of diagrams and thinking based 
on them are clearer for a discussion of 
early ideas and how they have changed. 

History helps in an even more concrete 
way with many terms which youngsters 
must come to understand. For example, 
the stories of the words sine, zero, root, 
radical,? and many others will help stu- 
dents understand, remember, and recall 
them. 

A student can hardly fail to understand 
and retain the meaning of isosceles after he 
has heard an analysis of the word isosceles 
into its Greek forbears isos, equal, and 


1 Sir T. L. Heath, The Thirteen Books of Euclid’s 
Elements (Cambridge: The University Press, 1908), 
I, 154. 

2 Some of these are given and methods of finding 
others will be found in P. S. Jones, ‘‘Word Origins,”’ 
Tue Maruematics TeacHer, XLVII (March 1954), 
195 ff. 
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Figure 1 


skelos, legs, and has participated in a 
listing of other “‘iso’ words in English 
(isocline, isotherm, isobar, etc.), and has 
discovered that skeleton was the Greek 
word for a dried body. If the student is also 
shown a cardboard or wooden model of the 
Egyptian leveling device sketched in Fig- 
ure 1, he will not only be further helped to 
remember what an isosceles triangle is, 
but he also can discover for himself (led 
by some questioning if necessary) such 
properties of the isosceles triangle as that 
its altitude bisects the base and that, con- 
versely, the perpendicular bisector of its 
base passes through its vertex. 

The story of the development of non- 
Euclidean geometry should be told, from 
early attempts to find a “better” axiom to 
replace Euclid’s fifth or parallel postulate, 
to attempts to prove the postulate, to the 
essentially independent and simultaneous 
development of hyperbolic geometry by 
the Russian Lobachewsky and the Hun- 
garian Bolyai. Not only does this story 
clarify the nature and role of axioms in 
modern mathematics, but it simultane- 
ously teaches a number of things which 
we will list here but classify under our 
second heading, “appreciations.” 

These are: 


1. The continuity of the growth of 
mathematics which often leads to simul- 
taneous discoveries (the German Gauss 
also had essentially the ideas of Loba- 
chewsky and Bolyai) 

2. The internationalism of 
matics 


mathe- 


3. The operation of intellectual curi- 
osity and aesthetic sensitivity as motives 
and stimuli for developing mathematical 
theory (None of the developers antici- 
pated any practical use for this geometry 
and much of the earlier dissatisfaction 
with Euclid’s postulate was based on such 
aesthetic considerations as its complicated- 
ness, its nonself-evident nature, and the 
fact that its converse is a theorem.) 

4. Often totally unanticipated applica- 
tions come after the development of a 
mathematical theory, as when a non- 
Euclidean geometry was found useful in 
the mathematical formulation of a rela- 
tivity theory (which latter, in a sense, led 
to the development of atomic energy). 

5. The rapid current growth of both 
pure and applied mathematics and the 
relationships between them. (These are 
shown by the fact that Riemann’s elliptic 
non-Euclidean geometry was presented in 
1854, about twenty years after Bolyai’s 
and Lobachewsky’s work, and that the 
tensor analysis by which the geometric 
ideas important in relativity are most 
easily developed was invented by the 
Italian, Ricci, prior to 1890 and has been 
extensively applied since 1920 in such 
areas as the theory of elasticity as well as 
in geometry and relativity. 

Much ‘of this material has to be pre- 
sented by mere talk, it is true, but there 
are some expositions of non-Euclidean ge- 
ometry which can be used with secondary 
school pupils.’ 

This should help to convince pupils that 


See Lillian R. Lieber, Non-Euclidean Geometry; 
or, Three Moons in Mathesis (Lancaster: The Science 
Press, 1940); or the appropriate chapter in Moses 
Richardson, Fundamentals of Mathematics (New York: 
Maemillan, 1941), which gives a sequence of simple 
theorems, or in H. R. Cooley, D. Gans, M. Kline, 
H. E. Wahlert, Introduction to Mathematics (Boston: 
Houghton Mifflin Co., 1949) or in Richard Courant 
and Herbert Robbins, What is Mathematics? (New 
York: Oxford, 1941). The recent reprint of Roberto 
Bonola, Non-Euclidean Geometry (New York: Dover 
Publications, 1955), contains translations of an his- 
torical account and of some of the original works, 
while Harold E. Wolfe, Introduction to Non-Euclidean 
Geometry (New York: The Dryden Press, 1945), ap- 
proaches it in a manner similar to that of high school 
geometry. 
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rigorous proofs and careful criticisms of 
axioms have produced new and useful 
mathematics and will do so again. A 
further example of this is to be found in the 
development of such modern algebraic 
theories as quaternions and algebraic num- 
bers. This followed Hamilton’s recogni- 
tion of the importance of the associative 
and other axioms of elementary algebra 
in his formulation of complex numbers as 
“number couples.’” 

Quaternions are not altogether beyond 
superior secondary school students, but 
so-called ‘modular arithmetics’’ and scales 
of notation are topics which may be more 
easily studied at the secondary level and 
which will also help students understand 
the motives of mathematicians, and the 
role of axioms and rigor in extending 
mathematics. 

The history of the binary and sexa- 
gesimal systems shows the intertwining of 
intellectual curiosity and application as 
motives for advancement. It also shows 
the interrelationships between cultures as 
a whole and mathematics. 

For example, the development of agri- 
culture, division of labor, and trade by the 
Babylonians was made possible by fertile, 
watered soils in a warm climate. Agricul- 
ture produced an interest in both the 
calendar and astonomy. This grew along 
with the arithmetic and mensuration of 
commerce and construction. Babylonian 
sexagesimal fractions were later taken 
over by Greek astronomers and were 
passed by them to the succeeding Arabic 
civilization. In translations from Arabic 
into the scholarly Latin of medieval 
western Europe, sixtieths and sixtieths of 
sixtieths became the “pars minuta prima” 
and “pars minuta secunda” from which we 
got our “minutes” and “seconds.” 

Although more recently devised units 


4P. 8. Jones, “Complex Numbers: An Example 
of Recurring Themes in the Development of Mathe- 
matics, II,”” Tae Marnuematics Teacuer, XLVII, 
(April 1954) 260. Reprints of three articles in this 
series may be purchased from the National Council of 
Teachers of Mathematics. 


of angular measure were defined entirely 
arbitrarily from a strictly logical view- 
point, they were consciously and delib- 
erately devised for greater simplicity and 
convenience as opposed to the purely his- 
torical and almost random reasons behind 
our present system of degrees, minutes 
and seconds. In this particular case, only 
history can give the real reasons and a 
complete understanding of the system. 
The history of other angular units not 
only makes them more meaningful but also 
sheds light on the nature, source, and role 
of definitions in mathematics.§ 

In the course of presenting illustrations 
of my first contention that the history of 
mathematics may be used to teach some 
deeper understanding of the structure of 
mathematics, the roles of rigor and intui- 
tion, and of the mathematical motivation 
of some topics, I have incidentally given 
examples of my second point. This is that 
the history of mathematics may be used 
to teach several ‘“‘appreciations.”” Among 
these are: (1) an appreciation of the ab- 
stract and logical nature of mathematics; 
(2) an appreciation of how the abstract 
systems of mathematics may be associated 
with physical systems and then used to 
solve “applied” problems; (3) a percep- 
tion and appreciation of interrelation- 
ships within mathematics as well as with 
other areas of abstract thought such as 
philosophy, logic, and religion, and with 
the culture as a whole; (4) an insight into 
the motives which lead people to do 
mathematics; (5) an appreciation of the 
continuity and vigor of the growth of 
mathematics up to the present day; (6) a 
realization of the international nature of 
mathematical interests and productivity. 

The pedagogical utility of the history 
of mathematics embraces all that has been 
claimed for it above. In addition, it may 
serve the more purely pedagogical purpose 
of: (1) creating interest of the type which 


5 P, 8. Jones, “Angular Measure—Enough of Its 
History to Improve Its Teaching.” THe MatTue- 
MATICS TEACHER, XLVI (October 1953), 419 ff. 
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motivates; (2) providing enrichment mate- 
rials which may be used for differentiated 
assignments, projects, and the construc- 
tion of teaching aids; (3) suggesting devices 
for introducing topics and for aiding 
students to ‘discover’? new concepts; (4) 
assisting both the teacher and the student 
to achieve and maintain a perspective on 
both the difficulty and the importance of 
comprehending the abstract nature of 
mathematics. 

When a student hears how long it took 
for the concept of negative numbers to 
develop and become accepted, used, and 
understood, he does not feel quite so con- 
cerned that the concept didn’t come to 
him easily. In fact these numbers which 
everyone today sees all around him on 
thermometers, stock market reports, anti- 
freeze charts, etc., were called ‘‘fausse’’ 
or false by the great mathematician-phi- 
losopher René Descartes. But the fact that 
Descartes went ahead and used these 
nurabers suggests to students and teachers 
that this concept was not an easy one to 
develop, that we have made really tre- 
mendous growth, and that what is today 
new, abstract, and difficult may in a not- 
too-distant future be relatively simple and 
common. This will happen, however, only 
as the concept is worked with, repre- 
sented in various ways, and applied. 

The word “imaginary” is a misnomer 
also used by Descartes which has unfor- 
tunately stayed with us to the present 
day. The story of the earlier beginning of 
imaginaries in Cardan’s famous problem 
may be a good way to introduce the study 
of complex numbers. Are there two num- 
bers whose sum is ten and whose product 
is forty? Cardan said that this problem 
was “obviously impossible.” I don’t know 
on what basis he called it impossible, but 
here is a good way to challenge youngsters 
by asking them how Cardan might have 
drawn this conclusion. 

Students can easily be led to suggest, 
if they do not readily think of them for 
themselves, such approaches to Cardan’s 
problem as numerical experimentations 
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Figure 2 


and graphs. Numerically, by taking such 
products as 1X9, 2X8, 3X7, 4X6, 5X5, 
6x4, ete., one soon sees that 25 is the 
maximum product of two numbers whose 
sum is 10. This same result appears graphi- 
-ally if one writes and then plots the graph 
of the equation y=2z(10—2z). Here, too, 
one can emphasize both the importance of 
the 7f in a mathematical statement and the 
roles of intellectual curiosity and analogy 
in mathematical discovery. Cardan’s prob- 
lem is impossible of solution 7f one limits 
oneself to the field of real numbers. 
Cardan, motivated by a curiosity about 
what might happen in this “impossible” 
situation if he followed the same process 
which he used in possible cases, applied 
the method of completing the square to 
x(10—x)=40 and came up with xr=5 


obeyed rules analogous to those followed 
by ordinary radicals, the equation was 
satisfied.® 

Historical facts and speculations furnish 
many other suggestions for leading stu- 


’ 


dents to ‘discover’? mathematical ideas. 
For example, some persons have thought 
that the Pythagorean theorem might have 
been first discovered in the case of the 
isosceles right triangle where it is geo- 
metrically quite obvious and might have 
been visualized in a tile floor or wall, as 
shown in Figure 2. 


¢ P. S. Jones, ‘Complex Numbers,”’ op. cit. 
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Figure 3 


This is speculation, but it seems quite 
certain that the discovery of one formula 
for Pythagorean triples of numbers grew 
out of Greek interest in “‘figurate’”’ num- 
bers—numbers represented by geometric 
figures composed of dots. Thus Figure 
3 shows the first four square numbers, 
and Figure 4 shows the first four tri- 
angular numbers. If we consider Figure 5 
to represent the nth square number, we 
can then see that the next square number 
can be formed by adding n dots on each 
of two sides and filling in another dot at 
their intersection. 
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Figure 4 


In other words (2n+1) dots added to 
the nth square number makes it into the 
(n+1)th square number, or n?+(2n+1) 
=(n+1)*. This is almost a trivial identity 
when written this way, but students not 
only may be led to see in it a new inter- 
pretation of the square of the binomial 
(n+1), but they may also be led to dis- 
cover the numerical interpretation sug- 
gested by Table 1. The sum of the first n 
odd numbers is nth perfect square. 

This ancient result can be made into a 
useful device for computing square roots 
on a modern desk calculator, and leads 
to the converse that if y=f(x) is a quad- 
ratic function represented by a table in 


which the zs appear at equal intervals, 
then the second differences of the y values 
will be a constant. This is a special case of 
a fundamental theorem in the calculus of 
finite differences developed by Brook Tay- 
lor and Leonard Euler in the eighteenth 
century and useful to actuaries, statisti- 
cians, and engineers or to anyone who 
may wish to fit curves to data or do ac- 
curate interpolation or numerical integra- 
tion. 
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Figure 5 


This one example not only shows chron- 
ologically the development and extension 
of a concept, but also displays interrela- 
tionships between geometry, number the- 
ory, algebra, analytic geometry, and both 
the finite and infinitesimal calculus as well 
as interrelationships between mathematics 
and its applications. 

Further, a youngster who, perhaps, 
with the teacher’s help, sees that n? 
+(2n+1)=(n+1)? is “almost” the Py- 
thagorean theorem might then be led to try 
what would happen if (2n+1) were a per- 











TABLE 1 
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n Opp NuMBERS Ose Numenas 
. ta 1 1 
2 3 
4g 5 9 
4 | 7 16 
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fect square, say m*. He should come out 


with 
m?—1\2 m?+1\? 
(~ —) be ve a (= ) f 
2 2 


which will manufacture a set of “Pythag- 
orean triples’’ whenever m is an odd num- 
ber. If he were then to try to get rid of this 
last restriction and further seek a formula 
which would give him all Pythagorean 
triples he would be discovering for himself 
a fascinating trail which has wandered 
through centuries of history but which we 
can not explore here.’ 

It is hardly necessary to discuss in de- 
tail the idea that such historical topics as 
the famous Greek problems; the fascinat- 
ing stories of such men as Cardan, Galois, 
Gauss, and the anecdotes about Archi- 
medes and Fermat’s last theorem all fur- 
nish excellent club topics and interesting 
enrichment projects. 

Many models, some of real value as 
teaching aids (e.g., the abacus, Napier’s 
bones, trisectors, Gunter’s scale) are also 
suggested by the history of mathematics 
as either student or teacher projects which 
make interesting demonstrations and bul- 
letin board material. 

Even a brief mention in class of who did 
it, why he did it, or what was the first or 
last, biggest or best solution to a problem 


™P. 8S. Jones, “Pythagorean Numbers,” Tue 
Matuematics Teacner, XLV (April 1952), 269 ff. 
gives a general formula and cites references wherein 
one may trace its development. 


develops interest and motivation by play- 
ing upon the students’ natural curiosity 
about persons, reasons, and superlatives. 

Implicit in these suggestions on the 
purposes for which historical material 
may be used in teaching have been sug- 
gestions as to how they may be used; e.g., 
to lead to discovery, to enrich the course 
and to provide topics for projects. 

But if the history of mathematics is to 
be a real teaching tool a few other guides 
must be followed. History is not mere 
names and dates, but ideas developing for 
some reason. Names and dates will soon 
bore more than they interest. The mathe- 
matical ideas must be pointed out clearly 
and new ideas illustrated concretely, ex- 
plored, and observed from several view- 
points. This means that the teacher must 
be sure that the interrelationships referred 
to so often above are actually perceived 
by the student, i.e., the teacher must see 
to it that a whole story is told with dia- 
grams and worked examples. A figurative 
finger must be pointed at the connections 
and ideas which the students are to ap- 
preciate. Frequently, the student must 
actually handle the mathematical ideas 
himself in the form of related problems 
and projects. 

Again, this note has suggested only a 
few of the materials, sources of ideas, and 
topics to be used in making the history of 
mathematics a teaching tool. We invite 
readers to add ideas and concrete examples 
to this discussion. Send them to the editor! 





SIAM—the newest mathematical society 


What is SIAM? 

It is the Society for Industrial and Applied 
Mathematics, an organization of fairly recent 
origin, having been incorporated on April 30, 
1952. Its aims and objectives are: (1) to further 
the application of mathematics to industry and 
science; (2) to provide basic research methods 


and techniques useful to industry and science; 

and (3) to provide mediums for the exchange of 

information and ideas between mathematicians 
and other scientific and technica] personnel. 

It seemed to those who conceived SIAM that 

a large gap existed in our professional structure 

Continued on page 79 
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® MATHEMATICS IN THE JUNIOR HIGH SCHOOL 


Edited by Lucien B. Kinney, Stanford University, and 
Dan T. Dawson, Stanford University, Stanford, California 


Removing the “dis” from dislike for mathematics 


by Alice Hach, Racine Public Schools, Racine, Wisconsin 


Ralph Pringle once wrote that “The 
junior high school age is the most unloved 
age but when we come to know it, it is the 
most lovable age.”’ In view of this state- 
ment it seems important that we examine 
together this important three-year block 
in our educational training. We need to 
determine what can be done to develop 
well-adjusted individuals, with an appre- 
ciation for learning, with enthusiasm and 
curiosity for advanced work and study, 
and with ideals and a true sense of values. 

We who are teaching junior high school 
mathematics are vitally concerned re- 
garding the development of these strong 
personal traits in our students at the same 
time that we are building strong founda- 
tions in the field of mathematics. We 
realize that it is a waste of human re- 
sources whenever a student’s personality 
or philosophy hinders him from making 
the utmost use of all the ability he pos- 
sesses. We need to be concerned whenever 
a student chooses his course of study in 
the high school only on the basis of snap 
courses, avoiding advanced mathematics 
courses because these subjects take more 
time and because he dislikes mathematics. 

This, therefore, is our task and our chal- 
lenge—to remove the dis from the dislike 
for mathematics and create a liking for 
the subject. This does not mean that we 
are interested in developing watered- 
down junior high school mathematics 
courses or courses motivated merely by 


easiness or by games. We want mathe- 
matics to earn respect and appreciation 
through a thorough understanding of the 
subject and a recognition of its impor- 
tance to the advancement and survival of 
a civilization. 

What can we, as teachers, do to reach 
this goal? Three things are suggested for 
increasing the effectiveness of our mathe- 
matics program in the junior high school. 
First, it is important that anyone working 
in this area understands the true purpose 
and nature of the junior high school 
organization. Second, each teacher needs 
to know the emotional climate in a class- 
room which will result in the most effec- 
tive learning. Third, each teacher needs 
to know techniques that help build this 
emotional climate in order that children 
may gain new insight in the study of 
mathematics and develop a liking, an 
appreciation, and a curiosity for the sub- 
ject. 

Let us first take a look at the junior 
high school organization. We must keep 
in mind that the junior high school is 
neither an enlarged elementary school nor 
is it a miniature senior high school. It is a 
school that exists for its own worth and 
its own function. 

In Figure 1 we have an illustration of 
the typical elementary and the typical 
senior high school. 

The elementary school generally con- 
sists of grades from kindergarten through 
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Figure 2 


six, and the senior high school grades ten 
through twelve. 

It is needless to say to teachers that the 
training, and the emphasis in this train- 
ing, differ considerably for the elementary 
and the senior high schools. If we were to 
place a segment of the elementary school 
in the junior high block as shown in 
Figure 2, we would fail to prepare pupils 
for this change of emphasis before they 
reach the high school level. Nor are we 
taking advantage of the child’s interest in 
new approaches at the time when he him- 
self is beginning to make the change from 
childhood to adulthood and wants to be 
treated as grown up despite the fact that 
he still clings to many childish ways. 

Likewise putting a segment of the senior 
high school in the junior high school block, 
as in Figure 3, is not the answer. This 
merely places the child in a more adult 
organization at a still earlier age and with 
the same lack of preparation for this ad- 
justment. 

Therefore, we can understand that 
neither elementary teaching or 
senior high teaching is adequate or ef- 
fective at this level. Junior high school 
teaching must be a combination of these 
two methods so that a child may move 
from the elementary program into the 
senior high school program almost as 
sasily as he moved from the fifth to the 
sixth grade. 

The diagram in Figure 4 by Dr. James 
Glass shows most effectively how a grad- 


type 
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ual transition can be made from the ele- 
mentary school to the senior high school. 

This is not merely a matter of organiza- 
tion but should be a part of every teacher’s 
thinking as he works at the various levels 
in the junior high school. The seventh 
grade will use many of the methods and 
techniques used in the elementary grades. 
However, when it comes to the new empha- 
ses on marks, on homework, on secondary 
approaches to mathematics, definite time 
should be taken to help the child under- 
stand these new emphases. We must not 
assume the child automatically adjusts to 
the junior high school by simply being 
placed in a junior high school building. 

The eighth grade is often the grade 
which teachers find difficult. This is an 
unpredictable age since childish traits 
and adult traits seem to be intermingled. 
Here we need enough of the elementary 
approach to stabilize the group, but 
enough of the secondary approach to 
challenge and hold the interest of the 
group. It is this balance that often makes 
the difference between an enthusiastic 
eighth grade class and a problem eighth 
grade. 

As the child enters the ninth grade and 
is approaching the senior high school, 
much greater emphasis on the secondary 
level should be given. Grades, credits, and 
plans for the future, all take on new 
significance. Algebra becomes a mathe- 
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matics course for college entrance and 
general mathematics for business. This 
level is a popular level for the teacher 
since secondary methods tend to be more 
effective here. 

As for the emotional climate which will 
result in the most effective learning, the 
seven needs listed by Dr. Louis Raths 
warrant our attention. They are: 

1. The need for security 

The need for success 

The need for recognition 

The need for sympathetic under- 
standing 

The need for acceptance, with respect 
of the child as he is 

6. The need for status with peers 

7. The need for increasing self-direction 

It is important that a child feels secure 
with us and the classroom situation if he 
is to be free to learn. Yet many children 
at this age level feel quite insecure in the 
classroom. We teachers need to be aware 
of this and do all we can to build the 
feeling of security within the framework 
of the class. 

Likewise, each child needs some form of 
real success. If it is impossible for him to 
secure success in the classroom, he will 
resort to any means to gain satisfaction, 
even if this success takes on the form of 
disrupting the well-planned routine of the 
classroom. 

It is interesting that although the need 
for recognition is essential to learning, 
we often tend to neglect certain individ- 
uals. There is an interesting little device 
which will help us overcome this habit of 
neglect. It is to set a goal to recognize 
each individual in the class in some way 
and make a record each time a personal 
comment is made to the child. The com- 
ment might be a simple one, but it must 
be sincere. This device is recommended 
to you as challenging and interesting. It 
helps a teacher emphasize the positive 
rather than the negative in teaching. 

As for the need for sympathetic under- 
standing, there is perhaps no age at which 
a child needs more sympathetic under- 


standing than in the junior high school. 
Often his parents do not understand him 
and as a result he becomes one of the un- 
loved age, as Pringle explained. Do we as 
teachers really care when Johnnie gets a 
low grade, and do we let Johnnie know 
that we really care? Do we ask about an 
illness after an absence, or do we merely 
ask for the admittance slip? Stanley Hall 
once wrote, ‘There is no greater blessing 
that can come to a boy of this age when 
he does not understand himself than a 
good strong teacher who does understand 
him and has faith in him and will day-by- 
day lead him until he can walk alone.” 

It is also important that we accept with 
respect the child as he is. We may object 
to the thing a child is doing, but we should 
never object to the child himself. Perhaps 
there is no statement more effective when 
a discipline problem arises than to say 
with sincerity, “Fred, I like you very 
much, but I do not like what you are 
doing.”’ The fact that you like Fred puts 
Fred in a frame of mind to accept criticism 
and to want to improve. The story of Bill 
illustrates this. The teacher said, “Bill, 
don’t you know the difference between 
right and wrong?” Bill answered, “Sure I 
do.” “But you always do the wrong 
thing,” objected the teacher. Bill only 
grinned and said, “Well, that shows it 
ain’t guesswork.” Bill was not in the 
frame of mind to want to improve his 
ways. 

The need for status with peers is so 
strong at the junior high school level that 
we should be cautious that we do not 
ridicule a child before the group. It is 
far better for us to build up the prestige of 
a junior high school child before the 
group and make personal comments 
privately. A child at this age cares far 
more what the class thinks of his actions 
than how a teacher feels. For example, if 
a teacher does not want a child in the 
class, the child often does not care. But 
if the class does not want him, he is 


, 


deeply hurt. 
The child at the junior high school level 
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needs increasing self-direction. We need 
to remember that learning takes place 
only if there has been a successful experi- 
ence. Once the class has had success in 
self-direction, they can assume more re- 
sponsibility. However, an unsuccessful 
experience indicates that the group was 
not ready for the amount of responsibility 
that had been given them. Self-direction 
should then be decreased and gradually 
rebuilt again. The child as well as the 
teacher needs to realize that this is a 
learning process and that often the process 
must be relearned at the junior high 
school level because the child himself has 
changed. 

Once we understand the junior high 
school organization and know the emotional 
climate that we want in the classroom, we 
still have to know what techniques are 
effective to secure this wanted emotional 
climate. 

For years a collection was made of 
children’s remarks when evaluating their 
mathematics class in respect to things 
they liked about their class, things they 
did not like, and suggestions for changes. 
The children were made to feel that this 
information would be very helpful in im- 
proving the class for other boys and girls. 
Sincere opinions were urged. A few of the 
representative comments are being shared 
with you. No doubt these remarks could 
just as well have been made by children 
from any teacher’s class. The significance 
of the remarks is that they were repeated 
enough times to indicate their importance 
to the junior high school boy and girl. 

Appreciation for explanations and un- 
derstandings: 


The thing I like best in this class is the way you 
explain things. I feel I get more out of math 
when I know what it’s all about and not just a 
bunch of numbers. 


The things I have liked in this class are the 
ways you explain things so carefully. Most 
teachers run through the problems real fast 
and don’t give a chance to the kids who don’t 
understand it right away. 


Appreciation for extra help versus re- 
quired extra help: 


I like the idea of being able to come in for ad- 
vice, make up, etc. Your friendliness towards 
the class as a whole, and toward each of us was 
most encouraging. 


By not requiring students to come in after 
school, you avoided the hard feelings that so 
often spring up between the teachers and the 
students. 


Appreciation for recognition of indivi- 
dual differences: 
I think it was very nice of you to help us in a 


lower class and I think if others need help you 
should have them in a lower class too. 


Appreciation for assignments and home- 
work in junior high school: 
They say that after-school homework in high 
school is tremendous. I think this course has 
taught me to work harder at night and in that 
manner has better equipped me for heavier 
work in high school. 


I particularly enjoyed the assignments. They 
were the right size and because of the size every- 
one did them with more enthusiasm. 


Appreciation for self-evaluation: 


The weekly tests are what I like because they 
give you a chance to know just how you are 
doing. 

Appreciation for orderliness in the 
classroom: 
I like the way you keep us controlled without 
getting crabby. 


I have a suggestion that you always keep your 
great sense of humor that the kids like and 
they will work better with you that way than 
being crabby. 


Appreciation for an interest in advanced 
mathematics: 


I learned that I would like to continue in differ- 
ent types of math in high school. 


I learned that math wasn’t just numbers but a 
great deal of things. I feel now that there is an 
entire field and new phase opened to me. 


Appreciation for learning to like mathe- 
matics: 


Math has never been particularly easy for me 
but this year I found I could do it if I tried. 
This surprised me very much. 


Math used to be my worst subject. Now it’s my 
best and favorite subject. 


To me this class seemed like the best class I ever 
had, although this is only my third year in Amer- 
ica. 
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Appreciation for the appearance of the 
classroom: 


I like the way you fix the room up. It makes it so 
pretty and more like home. 


I like the colors and brightness in the room and 
the cheerfulness in it. 


The general atmosphere in our class is very 
heartening when I’m feeling low. 


What's new? 


Perhaps all of these remarks can be 

summed up with a comment written by a 
pupil to his teacher. It is a tribute to all 
teachers interested in boys and girls. 
I feel that as long as there are people such as 
you, who care enough to correspond and en- 
courage the youth of America like you have 
and are doing, there shall always be brotherhood 
and humanity in the United States. 
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@ MEMORABILIA MATHEMATICA 


Edited by William L. Schaaf, Brooklyn College, Brooklyn, New York 


On popularizing mathematics... 


When you enter the bookstall at a great 
American international airport and find 
Hogben’s The Wonderful World of Mathe- 
matics stacked nonchalantly among books 
on travel, mountain-climbing and _ skin- 
diving, it must be admitted that mathe- 
matics has arrived. Along with music 
appreciation, popular mechanics, the sci- 
entific approach, popular astronomy, and 
the like, mathematics has finally been 
accepted by the celebrated man in the 
street. And this despite the fact that 

Mathematics is peculiar among all the 
sciences in that it does not lend itself in any 
way to popular exposition. There are no gadgets 
to display with a glib veneer of “‘explanation”’ on 
how they work. There are no experiments to 
perform magician-like in order to amuse or to 
entertain. Mathematics at any level requires 
individual careful thinking, which means hard 
work for most people and is downright distaste- 
ful to many. In order to understand and appre- 
ciate mathematics one has got to make up his 
mind to think. There is no facile alternative.! 


We believe that Mr. Hacker’s conten- 
tion is essentially true. As Whitehead has 
said: 

Outsiders are apt to accuse our subject of 
being recondite. Let us grasp the nettle at once 
and frankly admit that in general opinion it is 
the very typical example of reconditeness. By 
this word I do not mean difficulty, but that the 
ideas involved are of highly specialized applica- 
tion, and rarely influence thought.? 

Yet withal, there is eloquent testimony 
that it can be done: consider the pioneer 
writings of L. Hogben, E. T. Bell, Kasner 


Sidney Hacker, Arithmetical Viewpoints (1948), 
p. iii. 

2 A. N. Whitehead, The Aims of Education (1929, 
1949), p.84. 
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and Newman, and the Liebers, as well as 
works of Tobias Dantzig, George Gamow, 
Edna Kramer, Alfred Hooper, Aaron 
Bakst, Morris Kline, D. E. Littlewood, 
Egmont Colerus, and others. 

All the more reason, therefore, for call- 
ing our readers’ attention to four more 
rather recent and eminently worthy 
claimants to that growing circle of books 
which are at once scholarly as well as 
popular expositions of a recondite subject. 
These are Karl Menninger’s Mathematik 
in deiner Welt,2 W. W. Sawyer’s Prelude to 
Mathematics,‘ Rézsa Péter’s Das Spiel mit 
dem Unendlichen,' and C. Stanley Ogilvy’s 
Through the Mathescope.® 

Menninger’s book reminds one not a 
little of Kasner and Newman’s classic, 
Mathematics and the Imagination, although 
it has much of the delightful flavor of the 
late Walter Lietzmann’s writing. Accord- 
ing to the author, the book was written 
for those who love mathematics and for 
those who hate it, and also for a third 
class of readers, those who say: “I like 
mathematics, but it doesn’t like me.” 
Readers who are familiar with Mennin- 
ger’s Zahlwort und Ziffer (a cultural history 
of the development of numbers) and his 
Ali Baba und die 39 Kamele can readily 
appreciate that rare gift of combining 
sprightly and scholarly writing. Mathe- 
matik in deiner Welt is really worth trans- 
lating into English. 

3 (Géttingen: Vandenhoeck & Ruprecht, 1954), 
233 pp. 

4 (Penguin Books, 1955), 214 pp. 

5 (Leipzig: B. G. Teubner Verlagsgesellschaft, 
1955), 278 pp. 

a” York: Oxford University Press, 1956), 
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Those of you who enjoyed Mathema- 
tictan’s Delight have a pleasant surprise in 
store: in Prelude to Mathematics, Professor 
Sawyer has done it again. This time his 
lucid, pungent exposition deals not with 
the traditional mathematics of the scien- 
tist and the engineer, but with far more 
intriguing mathematics such as _ non- 
Euclidean geometries, algebra of logic, 
matrix algebra, determinants, projective 
geometry, modern geometry, transforma- 
tions, homogeneous co-ordinates, groups, 
and the like. The exposition of these 
topics, considering the brief treatment, is 
unusually skillful. Perhaps the best part 
of this book is made up of the first five 
chapters which deal with the notions of 
mathematical beauty and power, the 
qualities of a mathematician, the pattern 
of mathematical thought, generalization 
in mathematics, and the unification of 
mathematics, that is, the interrelation- 
ships between various branches of mathe- 
matics. 

The unique feature of Péter’s book is 
the way in which a great variety of topics 
has been brought together with the aid 
of the concept of infinity. Just as the func- 
tion concept can be made the unifying 
theme in algebra and elementary analysis, 
so here the notion of the infinite has been 
deftly made the leitmotif. In the author’s 
own words: 

I love Mathematics not only because it is 
useful to Technology, but also because it is 
beautiful, because Mathematics can satisfy 
Man’s puzzle instinct, and above all, because 


Mathematics can make the Infinite compre- 
hensible. 


Dealing as it does with somewhat more 
subtle and elusive ideas, the book calls 
for slightly more sophisticated readers; 
nevertheless, like the others, it is not a 
text nor a study book, but a Lesebuch—a 
popular rendition, eminently worthy of 
translation. 

Our last contender in this popularity 
contest is also extremely fascinating and 
readable. It bears a striking resemblance 
to Mathematics and the Imagination (which 


seems to have set some sort of a pattern, 
and a very commendable one, although we 
hope it won’t have too many imitators), 
Professor Ogilvy’s book is slightly disap- 
pointing only because the sections are all 
too brief. The word mathescope, suggested 
by the late Professor Kasner, was in- 
vented by Watson Davis, the eminent 
popular writer of modern science. 


Reform is in the air... . 


Yes, reform in mathematical education 
is very much in the air. The ‘new mathe- 
niatics” is definitely on the way. To be 
sure, no one can know at this stage just 
what form it will ultimately take. It will 
be several years before it crystallizes. 
Meanwhile, all concerned will eagerly 
follow activities begun by the University 
of Illinois Committee on School Mathe- 
matics; the Mathematical Commission 
appointed by the College Entrance Exam- 
ination Board at Princeton; the Educa- 
tional Testing Bureau at Princeton; the 
Committee on the Undergraduate Pro- 
gram, Department of Mathematics, Uni- 
versity of Kansas (Lawrence); the Special 
Committee of the National Council of 
Teachers of Mathematics; and other 
agencies and individuals concerned with 
curricular problems in secondary mathe- 
matics and in freshman college mathemat- 
ics. 

In view of the above, it may be of in- 
terest to note what J. Bronowski has to 
say, writing in a recent issue of Science 
under the heading “The Educated Man in 
1984.” In discussing the need for inter- 
preting modern science to cultured, non- 
technically trained people, he says:’ 

... I want to fix our minds much more firmly 
on the lively nonscientist. What can I propose 
for him? 

First, I want to propose less mathematics 
than he studies now, but of a more practical 
kind. That is, I want to change the stress from 


mathematical manipulation to the, meaning of 
the sales tax and the twinning rate. The lan- 


7 Science: April 27, 1956, vol. 123, p. 712. 
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guage of mathematics is still taught as a dead 
language, nearly all grammar. I want instead to 
teach more translation, from the everyday facts 
into mathematics and thence back into the ev- 
eryday. 

As one corollary, I believe that we need to 
make statistical methods part of the education 
of everyone in schools and universities: and this 
for two reasons. One is that only from statistics 
can the nonscientist learn to use averages and 
approximations with confidence, to be unafraid 
of dividing the national debt or the German 
battle losses by the population, and to know in 
his bones the difference between a million and 
ten. The other is that modern mathematical sta- 
tistics is a new view of science, which I believe 
will transform it and will replace the mechan- 
isms of Newton by the more subtle concepts of 
modern physics. 

There is another way in which I want to see 

the teaching of mathematics changed. I think 
we should be less preoccupied with number and 
quantity and more with relations of order and 
arrangement. This vision of the world by shape 
and structure is, I think, characteristic of the 
newer sciences, and the mathematics teacher 
can help to make it familiar. 
In fairness to all concerned, it should be 
emphasized that the thinking at Urbana, 
Illinois and at Lawrence, Kansas is pre- 
sumably concerned with our abler stu- 
dents, chiefly those who are going further 
in their study of mathematics and/or 
science, whereas Bronowski is more con- 
cerned with the contribution of mathe- 
matics to “general education.” 


Rounding numbers 

with a vengeance 

It has become well-nigh universal to 
stress intelligent rounding of numbers in 


teaching arithmetic—and properly so. 
Recently we ran on to a practical applica- 
tion of rounding—via electronic computa- 


tion—which we think our readers would 


like to know about. We allude to the “even 
dollar’ pay plan put into operation by a 
well-known public utility company. In 
their own words: 


Starting with the first week in June all em- 
ployees paid on a weekly basis began receiving 
their pay under the new “even dollar’ pay 
plan. This means that the pay envelopes con- 
tain bills only—no coins. Employees receive the 
amount due them rounded out to the next 
highest even dollar. The following week, the 
amount advanced the preceding week is de- 
ducted from the amount due that week and the 
roundout process is repeated. 

This new procedure is made feasible by use 
of an electronic data processing machine re- 
cently installed. 

A record of the prior week’s advance is re- 
corded on the magnetic tape upon which also 
are recorded all the other data pertaining to 
computations of the employee’s pay. The ma- 
chine then computes the net pay and prints the 
“even dollar” amount, together with other data, 
on the employee’s pay statement. When the 
magnetic tape is run the next week, the ma- 
chine takes account of the previous week’s ad- 
vance. 

This procedure does away with the task of 
handling some 90,000 coins a week, weighing 
about half a ton, or some 20 pounds per pay- 
master’s bag. 


The wandering 
decimal point... 


We cannot resist passing on the follow- 
ing little piece gleaned not so long ago from 
the New York Times: 


A story last Sunday about American Tele- 
phone and Telegraph’s record $2,100,000,000 
expansion budget has caused quite a stir among 
mathematicians. It said erroneously that this 
meant an outlay of $66,408.62 every second. 
Several letter writers located correctly the mis- 
placed decimal point—three digits to the left. 
The actual outlay is $66.40862 a second. 

Quite a few mathematicians, however, forgot 
that 1956 is Leap Year. Hence, the company’s 
spending goes on for 366 days. Their mistake 
puts them off only $5,737,704.77. 
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®@ POINTS AND VIEWPOINTS 


How are we doing? 


A column of unofficial comment. 


by H. Vernon Price, State University of Iowa, Iowa City, Iowa 


The National Council of Teachers of 
Mathematics is dedicated to the task of 
improving the teaching of mathematics in 
this country. The goal is most worthy and 
one which will always be just out of reach, 
for nothing educational is so good that it 
can’t be improved. To suggest, in a setting 
such as this, that today’s schools and 
teachers are doing a pretty good job of 
training the youth of the land may be 
dangerous. Yet that is exactly what I 
propose to suggest. 

In the last few years any number of 
articles have appeared—many within the 
covers of THE Maruematics TEACHER— 
deploring the sorry teaching of mathe- 
matics which takes place in the secondary 
schools and the resulting adjustments 
which are forced on the colleges. The 
general impressions which these writings 
create are: 


1. Teachers of high school mathematics 
are an ineffective, stupid lot. 


2. The younger generation is going to the 
dogs. 

3. The poor college teacher has been 
forced out of his ivory tower and plunged 
headlong into the world of reality. 

4. The enemy is rapidly surpassing us in 
trained manpower, largely because our 
high-school- graduates-to- become-college- 
students know so little of the fundamen- 
tals of mathematics. 


5. And It’s ALL YOUR FAULT. 


It is not the purpose of this article 
to try to prove or disprove these state- 
ments, nor to deny the validity of points 
2, 3, and 4. (I assume that it is unnecessary 
to deny 1 and 5.) There are many spots 
in an educational hierarchy where im- 
provements can and should be effected. 
One of these is undoubtedly in the re- 
cruiting and training of teachers, a dilemma 
whose resolution may be purely financial. 
In any event, we know that our best stu- 
dents shy away from secondary teaching 
and those who fill the gaps find it difficult 
to teach that which they do not know. 
It is not necessarily a matter of the blind 
leading the blind, but the situation does 
tend to propagate itself. 

Unfortunately, this is only one of the 
many situations which offer opportunities 
for improvement. The over-all problem 
has many facets. Even so, I don’t believe - 
the picture is as dark as some writers 
have drawn it. 

If one can trust the literature and his 
own experiences, today’s college is a far 
cry from the lofty, academic citadel it was 
a generation or two ago. Then, only the 
cream-of-the-crop were in attendance. 
Since that time, not only has the number 
but also the per cent of high school grad- 
uates going on to college increased. Thus, 
today, the college population may be 
divided roughly into three groups: 


1. Those who were not particularly strong 
students in high school, who may or may 
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not have definite academically-trained 
goals in mind, and who are in college 
largely because “it is the thing to do.” 
These ‘‘students” have always been with 
us but their number has increased enor- 
mously and, with a democratic philosophy 
of education, will probably continue to 
grow. 

2. The ordinary serious-minded, scholarly, 
college student. 

3. The gifted student who is getting more 
and more attention and who may even- 
tually come to be considered as important 
as the star athlete in building the reputa- 
tion of his alma mater. 


To say that there are many ill-prepared 
individuals now in college is not only to 
recognize the “new trend’”’—a trena faced 
by the high schools years ago—but may 
represent cognizance of pupil weaknesses 
which have always existed but were sub- 
merged in a policy of admission by tran- 
script. Most of the ill-prepared do not 
elect courses in college mathematics but 
are casualties of requirements of one type 
or another. 

What of the ordinary, average, studious 
individual who has graced our campuses 
for the past fifty years? Since you and I 
were members of that group, we may be 
inclined to glamorize the success we en- 
joyed and to discount, from this distance, 
such weaknesses as were inscribed on our 
records. Yet, does anyone seriously believe 
that today’s students of college algebra, 
trigonometry, and analytic geometry are 
the equals of those of a generation ago? 

Two years ago an opportunity arose at 
the State University of Iowa to gather a 
bit of evidence relating to this question. 


Approximately forty objective examina- 
tions, containing more than seven hundred 


items, had been prepared and adminis- 
tered during the 1937-1938 academic year 
to all of the students enrolled for the regu- 
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lar algebra, trigonometry, analytic geom- 
etry sequence. The results had been 
studied systematically and indices were 
available for all tests and items. In spite 
of the fact that the courses of study had 
changed somewhat, sufficient acceptable 
items were available to prepare tests for 
the 1953-1954 classes. In this manner it 
was possible to make direct comparisons 
between the 1938 and 1954 groups, both 
testwise and itemwise. 

As might be expected, each group ex- 
celled in the items which most nearly 
characterized the emphases prevalent at 
the time the tests were taken. In general, 
however, no over-all advantages could be 
ascribed to either. 

The results, of course, prove nothing. 
Indeed, the study was undertaken only 
to satisfy a casual interest and was not 
designed to produce scientific measures of 
comparison. There is an indication, how- 
ever, that the students of a generation 
ago, whose abilities undoubtedly have 
been magnified by the span of sixteen 
years, may have been no better students of 
mathematics than their modern counter- 
parts. Perhaps the high school of today 
is preparing these typical students for 
college, not as well as we would like, but 
as well as at any time in the past. 

And what of the gifted pupil—the one 
who is all-important to the welfare of the 
nation in terms of national survival? We 
are unquestionably failing to find and 
stimulate many of these potential leaders. 
On the other hand, the evidence I have 
seen indicates that the topflight students 
who are graduated from today’s high 
school are much better prepared than 
those of any other generation in history. 
Why shouldn’t they be? You taught them, 
and you are numbered among the best 
informed teachers in the profession—the 
members of the National Council and 
readers of THE MATHEMATICS TEACHER. 
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Reviews and evaluations 


Edited by Richard D. Crumley, Iowa State Teachers College, Cedar Falls, Towa 


BOOKS 


Arithmetic: Its Structure and Concepts, Francis 
J. Mueller, Englewood Cliffs, New Jersey: 
Prentice-Hall, Inc., 1956. Cloth, xv +279 
pp., $5.50. 


Designed primarily for elementary teachers 
(prospective and in-service) this book aims to 
provide an exposition of the structure and con- 
cepts of arithmetic in mature terms. A unique 
feature of the book is its organization based 
upon three fundamental activities and their 
attending processes. These activities are syn- 
thesis, analysis, and comparison. The processes 
of addition and multiplication are subsumed 
under synthesis, and subtraction and division 
under analysis. Furthermore, the activity of 
comparison is carried out with subtraction and 
division. Quite a bit of historical development 
is included where pertinent, as well as discus- 
sions of systems of notation other than base 
ten. Sections giving algebraic interpretations 
of notation and the four processes are also pro- 
vided. 

The author is to be commended for writing 
a book which attempts to clarify the concepts 
and skills of arithmetic. This kind of book is 
urgently needed today. The sections dealing 
with historical perspective are probably the best 
ones in the book. Also, many instructors will 
welcome the exercises appearing at the end of 
each unit. 

On the other hand, this book has many weak 
features in the opinion of the reviewer. The 
most serious of these is that the exposition is 
highly verbal and needlessly abstract. The re- 
viewer readily grants that the concepts, prin- 
ciples, and skills of arithmetic should be ex- 
plained and discussed in mature terms, but this 
does not preclude extensive use of diagrams and 
sketches of situations involving real objects. 
In other words, to help the mature person un- 
derstand arithmetic, the author uses explana- 
tions and situations which are not easily adapt- 
able to classroom use. For this reason many 
students have difficulty in understanding the 
book. 

The reviewer also questions the way in 
which the four fundamental operations are de- 
fined. For example, addition is defined, on page 
49, as “the process of finding, without counting, 
the number property of a group which is formed 


by the combination of two or more groups.” 
This in effect identifies addition with the addi- 
tion algorithm used in computation, whereas 
addition ought to be identified as the activity of 
combining groups of known sizes. Similar de- 
fects are present in the definitions of the other 
basic operations. 

One other weakness ought to be mentioned 
the author fails to develop the meaning of a 
number explicitly. As a result, a distinction is 
made between “concrete numbers,’ “‘denomi- 
nate numbers,” and “‘abstract numbers’’—a con- 
fusing and meaningless distinction. 

In summary, the reviewer feels that this 
book is a step in the right direction but it is only 
partially successful.—Richard D. Crumley, Iowa 
State Teachers College, Cedar Falls, Iowa. 


Differential Calculus, William Ferrar, New 
York: Oxford University Press, 1956. Cloth, 
296 pp., $4.40. 


This text is suitable for a college senior who 
wishes to know something about real variable 
theory or for a first year graduate student who 
wishes to brush up his basic understandings 
before going into a graduate course in function 
theory. The author presupposes that the reader 
has had a course in differential and integral 
calculus and is now ready to take a second and a 
more critical look at the subject matter of the 
differential calculus. 

Reading this book would serve a twofold 
purpose. Not only would the student re-examine 
the fundamental notions of limit, continuity, 
derivative, partial derivative, etc., but he 
would in the course of his investigations learn to 
read and to work with the symbolism of modern 
mathematics. The language of mathematics is 
developed by easy stages and not presented, 
as is too often the case, in one large indigestible 
lump. 

Wherever possible, basic theorems are 
proved. The Heine Borel theorem is developed 
and used to study the properties of continuous 
functions. If the proof of a particular theorem is 
rather complicated and not especially pertinent, 
a reference is cited where the proof may be 
found. A good many references are made 
throughout the text, and the serious student 
has a splendid opportunity to gain at least a 
nodding acquaintance with many of the stand- 
ard works in the literature of function theory. 
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The references also enable him to track down 
easily more information on any topic which may 
intrigue him. 

The presentation is formal throughout and 
quite different from the breezy treatment of a 
good many undergraduate texts. The student 
who uses this book can not only learn more 
mathematics but he can also practice reading 
modern mathematical language at a not too 
difficult level—Augusta Schurrer, Iowa State 
Teachers College, Cedar Falls, Iowa. 


Practical Trigonometry, Ralph S. Underwood 
and Horace E. Woodward, Boston: Hough- 
ton Mifflin Company, 1956. Cloth, ix +251 
pp., $3.25. 


As the word Practical in the title seems to 
suggest, the text places a major emphasis upon 
some of the applications of trigonometry. 

There is considerable stress on rounding off 
the results of calculations with numbers that 
arise from measurement. This is to be com- 
mended, however bad advice is occasionally 
given. For example, it is suggested that in 
multiplication the factors should first be 
rounded off to the number of significant digits 
of the least accurate factor. 

The definition of a variable as a quantity 
which may be varied in size seems inadequate. 
The word function is used consistently through- 
out the text for what most writers would call 
the dependent variable of a function. 

The graphs of the trigonometric functions 
appear near the end of the book. Thus through 
most of his work the student is deprived of a 
valuable visual representation of the relation- 
ships involved. The periodic nature of the 
functions is mentioned at this point, but there 
is no hint of the extensive applications of these 
mathematical models to repeating type phenom- 
ena. 

In general the text is well written. The prob- 
lems, particularly those dealing with applica- 
tions, are better than usual. The figures are 
well drawn and clearly labeled. Four-place 
tables of the trigonometric functions, five- 
place tables of logarithms, and five-place tables 
of logarithms of the trigonometric functions are 
included. 

The instructor who wishes to emphasize 
numerical trigonometry and solution of tri- 
angles will find this book a good text. For a 
course with an emphasis on analytic trigonom- 
etry with some applications to periodic phe- 
nomena, the book is less satisfactory.—Fred W. 
Lott, Iowa State Teachers College, Cedar Falls, 
Towa. 


FILMSTRIP 


Using and Understanding Numbers, Decimals, 
and Measurements, “Meaning and Reading 


of Decimals,”’ “Addition and Subtraction of 
Decimals,” ‘Multiplication of Decimals,” 
“Division of Decimals,” “Changing Frac- 
tions to Decimals—-Decimals to Fractions,” 
“‘Advancing in Linear Measurement,” “‘Ad- 
vancing in Quantity Measurements.” The 
Society for Visual Education, Inc., 1345 
Diversey Parkway, Chicago 14, Illinois. 
35 mm., color filmstrips prepared by Joseph 
J. Urbancek and Francesca C. Urbancek. 
$5.50 each or $35.00 per set. 


This series of filmstrips is done in attractive 
color and is illustrated by situations which up- 
per elementary and junior high school pupils 
should find interesting. Each strip begins by 
telling the teacher what concepts are presented 
in the strip. This is followed by sensible in- 
structions about the utilization of the strip. 
Most of the frames present a situation that 
involves decimals or measurements. These 
situations involve everyday incidents such as 
traveling, shopping, comparing temperatures, 
producing food, making clothing, and playing 
games. Most frames pose questions or make 
suggestions for pupil discussion. Many frames 
present the meaning of place value or units of 
measure. Other frames explain computational 
procedures much like a modern arithmetic 
textbook. Each strip ends with a summary and 
problems for practice or questions to be an- 
swered by the viewer. The content of the strips 
is indicated by the titles given above. Each 
strip presents ideas, computational processes, 
and problems involved in each topic. 

It is usually easy to criticize classroom ma- 
terials which someone else has found successful. 
In this series, for example, it seems that most 
frames are verbally similar to material presented 
in modern textbooks or by the teacher on the 
blackboard. However the use of color and the 
dramatic presentation by projection should 
lend needed variety to the typical arithmetic 
lesson. The color is attractive but is seldom 
used to full advantage to focus attention on 
common elements. For example, place value 
might be emphasized by using the same color 
for a given place in a series of examples. Most 
computational processes are presented in the 
typical manner, for example, borrowing and the 
use of carats in long division, rather than ap- 
proximating answers or leading the pupil to 
discover the process. 

One of the greatest assets of this series is the 
involvement of the viewer in solving problems 
and answering questions. The photographic 
quality of all seven strips is excellent, as is the 
appropriateness of the illustrations. Pupils are 
likely to enjoy the measurement of a dog as an 
illustration of the yard unit of linear measure 
or the application to games and contests. This 
series of filmstrips will probably find greatest 
value in the sixth and seventh grades.— Dono- 
van A. Jounson, University of Minnesota, 
Minneapolis, Minnesota. 
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@ TIPS FOR BEGINNERS 


’ 


Edited by Francis G. Lankford, Jr., Longwood College, 


Farmville, Virginia 


Giving the student a part in his evaluation 


by Joseph N. Payne, University of Wisconsin, Madison, Wisconsin 


David Smith, a junior at Central High 
School, made C in algebra on his last 
report card; Jane Arnold made B, and 
Tom Jones made A. Seeing these grades, 
what did David, Jane, and Tom conclude 
about their progress in learning algebra? 
David said that he needs to do better on 
tests; Jane concluded that her homework 
is not too good; Tom decided that he is 
excelling in all phases of algebra. How 
accurately and how thoroughly have these 
students appraised their progress in 
mathematics? How closely did David and 
Jane locate their weaknesses in algebra? 
Was Tom right when he decided that his 
A meant that he is excelling in all aspects 
of the subject? 

The appraisals of David, Jane, and 
Tom may help each to maintain or to 
improve his algebra grade. But this is 
more likely to happen if the achievement 
these grades represent is carefully an- 
alyzed by the pupils themselves. As a 
supplement to their grades on a report 
card, I believe students should make for 
themselves a systematic analysis of their 
progress in mathematics. Such an analysis 
will be likely to improve their grades, and 
it will also broaden their understanding of 
mathematics. This result is likely because 
a systematic self-analysis of a pupil’s work 
will help to reveal specific topics which 
should receive more attention or work 
habits he needs to improve. 

I have used a check list of items such as 


the one below, to help high school stu- 
dents think about their progress in mathe- 
matics. The check list contains three 
major divisions: (1) Study of Organized 
Subject Content; (2) Study Skills and 
Work Habits; and (3) Class Participation. 

Under each division, there appear sev- 
eral statements to be checked by the 
student. As I use the check list, it is 
duplicated and each student given a copy. 
At intervals of from four to six weeks, 
each student is asked to think reflectively 
and objectively about his work. As he 
thinks about his work, he should examine 
tests, homework papers, and the like for 
evidence on the various items in the check 
list. After giving careful thought to his 
work, he checks the items. (By arranging 
the check list with five or six blanks to the 
right of each item, the same form can be 
used for the entire year, thus showing 
progress from one evaluating period to the 
next.) 

After the student checks the items, the 
teacher goes over them carefully and 
notes the ones which he thinks the student 
has incorrectly evaluated. Differences be- 
tween the student’s and the teacher’s eval- 
uation become the basis of a conference 
between pupil and teacher. If time per- 
mits, the teacher should arrange a short 
conference with each student to talk 
about the evaluation. If this is not possi- 
ble, the teacher should confer with the 
pupils needing most attention. 
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STuDENT CHECK LIsT 
My ProGress IN MATHEMATICS 
After a careful analysis of my work in 
mathematics since the last evaluating 
period, I rate myself as follows: 


A. Content I Am LEARNING 

1. I can use mathematical concepts 
and skills in varied problems (a) almost 
always (b) sometimes (c) seldom. 

2. My thinking in mathematics is (a) 
good (b) average (c) poor. 

3. The quality of my daily work is (a) 
good (b) fair (c) minimum. 

t. The quality of work on my tests is 
(a) good (b) fair (c) minimum. 

5. I make errors in computation (a) 
frequently (b) sometimes (c) seldom. 

6. I have trouble solving verbal prob- 
lems (a) frequently (b) sometimes (c) 
seldom. 


B. Srupy SKILLs AND Work Hasits 


1. I take pride in doing good work (a) 
always (b) sometimes (c) seldom. 

2. My written work is neat (a) always 
(b) sometimes (c) seldom. 
3. I make good use of study time in 
class (a) always (b) sometimes (c) seldom. 

4. I try to understand what I do instead 


A simple experiment in 
by H. C. Trimble, 


Do you ever wish for a simple experi- 
ment that suggests a generalization for 
your algebra students to prove? Here is 
one you may like. 

Take a cloth measuring tape 36 inches 
long. Use pins on a drawing board to mark 
the corners of a rectangle whose perimeter 
is 36 inches. As you change the length 
(L), from L more than 0 to L less than 18, 
and hence the width (W =18—ZL), you get 
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of merely memorizing (a) always (b) 
sometimes (c) seldom. 

5. I act before thinking through a proc- 
ess (a) always (b) sometimes (c) seldom. 

6. I have trouble reading and under- 
standing explanatory materials (a) fre- 
quently (b) sometimes (c) seldom. 


C. Criass PARTICIPATION 


1. I disturb study situations (a) often 
(b) seldom (c) never. 

2. I am attentive during class discus- 
sions (a) always (b) sometimes (c) seldom. 

3. I make pertinent contributions to 
class discussions (a) often (b) sometimes 
(c) seldom. 

4. I bring my personal equipment to 
class as needed (a) always (b) frequently 
(ec) seldom. 

5. I take initiative in bringing new ideas 
and materials to class (a) frequently (b) 
sometimes (c) never. 


These are only some of the items I use 
with my students. Other teachers will 
doubtless have other items they prefer to 
use. After your check list has been devel- 
oped, it is not necessary for students to 
check all the items at each evaluating 
period. When there has been no evidence 
accumulated on a particular item, it 
should not be checked. 


algebra 


Towa State Teachers College, Cedar Falls, Towa 


different areas as follows: 





Ww 
(in.) 





1 
1 


‘ 





January, 1957 





Notice that the square has the greatest 
area. Notice that the difference 81—A 
between the area of the square and the 
area of a rectangle always seems to be a 
perfect square. Students can make these 
measurements themselves. They can check 
values of 81—A that correspond to in- 


tegral values of L. Is the value of 81—A 
always a perfect square? For example, 
when L=15.4, W =2.6, A =40.04, 81—A 
= 40.96 =6.4*. But, is this a general re- 
sult? Yes, because it can be seen that 81—A 
=81—LW =81—L(18—L) =81—18L+L? 
= (9—L)?. 





SIAM—the newest mathematical society 


Continued from page 64 

and that rapid expansion of industrial research 
had created a need for basic analytical thought 
and new mathematical methods. Many math- 
ematicians, engineers, physicists, and others, 
felt that application of mathematics to prob- 
lems in business must be promoted in a positive 
fashion in order that new technological ques- 
tions can be more adequately considered. It 
therefore seemed essential to form an organiza- 
tion such as ours to stimulate the growth of the 
use of mathematics. 

SIAM attempts to achieve its aims through 
its publications and its technical meetings, as 
well as by other means. The Society publishes 
a quarterly journal as well as a newsletter which 
has ten issues per year. The Journal publishes 
research papers which contain or lead to new 
mathematical techniques, expository papers on 
mathematical techniques and their applications, 
survey papers, and papers calling attention to 
areas in which there is need for mathematical 
development. The Newsletter publishes book 
reviews, notices of various kinds of applied 
mathematical activities, and other information 
of general interest. For example, in the February 
1956 issue, the Newsletter included the full 
text of a speech entitled ‘“‘Science and Engineer- 
ing in the USSR and the USA: A Comparison 
and Appraisal,” by Dr. M. H. Trytten, Di- 
rector of the Office of Scientific Personnel, 
National Research Council. In addition, the 
Society is publishing in April as its Monograph 
No. 1, ‘Survey of Training and Research in 
Applied Mathematics in the United States,” 
prepared by F. J. Weyl for the National Re- 
search Council under contract with the National 
Science Foundation. 

SIAM has three classes of membership: 
Individual, Academic, and Corporate. Aca- 
demic membership is open to any nonprofit 
organization, whereas Corporate membership is 
available for profit-making organizations. 
SIAM’s current roster of individual members 
includes over 1,200 names of persons in the 
United States and foreign countries. Groups of 
members living in the same geographical area 
have the privilege of petitioning for formation 
of sections of SIAM. At present, the Society has 
operating sections in the following areas: Balti- 
more, Boston-Cambridge, Central Pennsyl- 


vania, Delaware Valley, New York, Northern 
California, and Southern California. In addi- 
tion to sponsoring technical meetings, the sec- 
tions also sponsor informal activities such as 
study groups. All activities of the Society are 
open to the public. 

SIAM is anxious to co-operate with organi- 
zations having similar aims, and particularly 
welcomes opportunities to participate in jointly- 
sponsored meetings. In the past, it has co- 
sponsored or co-operated in meetings on national 
or local levels with the American Mathematical 
Society, the Association for Symbolic Logic, 
the Mathematical Association of America, the 
Institute of Radio Engineers, the American 
Institute of Flectrica] Engineers, the American 
Society for Engineering Education, the Associa- 
tion for Computing Machinery, The Institute of 
Management Sciences, and the Operations 
Research Society of America. Among other 
activities of our organization are joint sponsor- 
ship of the periodical Mathematical Reviews, 
membership in the Mathematics Division of the 
National Research Council, associate member- 
ship in the American Association for the Ad- 
vancement of Science, and joint sponsorship of 
the Mathematical Sciences Employment Reg- 
ister which is available at national meetings of 
the various mathematical societies. 

Our organization is also interested in the pro- 
motion of scholarships in mathematics for high 
school graduates. Indeed, at its meeting on 
October 26, 1955, the Council of the national 
organization specifically stated that the im- 
provement of secondary school instruction in 
mathematics and science and the stimulation of 
interest among capable students toward scien- 
tific study through an _ industry-supported 
scholarship program are consistent with the 
purposes of SIAM. In particular, the Council 
voted to support, through publicity and a 
modest financial contribution, programs of this 
nature in which NCTM is interested. The 
Society believes that it is in a very favorable 
position to assist such causes because of its in- 
dustrial contacts. 

Additional information about SIAM may 
be obtained by addressing the Society at Box 
7541, Philadelphia 1, Pennsylvania.—THomas 
R. Sovurnarp, University of California, Los 
Angeles, California, 
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@ TESTING TIME 


Edited by Robert S. Fouch and Robert Kalin, Florida State University, 


A new department 


With this issue, THe MATHEMATICS 
TEACHER inaugurates a new department 
devoted to discussions of evaluation in 
secondary mathematics. It is to be a 
practical department, not one consisting 
solely of abstract arguments on the Theory 
of Testing—but with the reservation that 
occasionally there’s nothing so practical 
as a good theory. 

However, we have promised to make 
the section useful to mathematics teachers. 
In order to do this successfully we need 
several kinds of reactions from you, the 
readers. 


1. Reactions on what you need and 
what you want to find in this column. 
E.g., do you want reviews of currently 
available standardized tests; do you want 
discussions on objective versus essay type 
tests; do you want references to articles 
elsewhere on testing? 

2. Your evaluations of what appears 
here now and in the future. 

3. Your contributions for publication 
here; for, like other departments, this one 
will be entirely for you and also largely by 
you. 

These contributions may be small (per- 
haps a single test question that you have 
found especially good) or large (perhaps a 
whole test complete with specifications of 
objectives to be tested and analysis of 
results as it was actually given). The im- 
portant thing is that we must have con- 
tributions if we are to have a department. 

In order to get started, we decided that 

we would take a standard unit in high 
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school algebra and consider how a teacher 
might construct a test for use on com- 
pletion of that unit. Here is such a test. 


. log 93388=_______ 
. log .0000561 = 
. log___ = 3.4382 


. log _____ = —2+.5699 
. To multiply two numbers by log- 


arithms, we________the loga- 
rithms of the two numbers. 
. To divide two numbers, we. 
the logarithms of the one number 
from the logarithm of the other. 
In problems 7-10, compute by means 
of logarithms. 
7. 8,650 X .934 
8. 761+5,620 
9. (23.8) 
10. ~/89.3 


This is a paraphrase of the first effort in 
test construction of one of our own 
teacher trainees who had been teaching a 
unit on logarithms. Since he had not yet 
taken a course in test construction, we 
suspect that this test reflects his own 
experience in being tested as a student. 
What is your opinion of the merit of this 
test? Good, bad, or indifferent? 

Like any other judgment, this judg- 
ment must be made on the basis of certain 
principles, assumptions, and criteria. One 
must ask certain more detailed questions. 
We suggest these two questions: 


1. What mathematical principles, un- 
derstandings, abilities, or skills are 
actually tested? 
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2. What student behavior is actually 
measured? 


We also suggest two basic principles about 
tests: 


1. A test is good (or bad) to the extent 
that it measures (or fails to measure) 
the attainment of the objectives of 
instruction set down by the teacher. 

. Asa corollary to this, since we believe 
that understanding is important, a 
test should measure student under- 
standing of mathematical principles 
and student ability to apply these 
understandings, as well as simpler 
skills. 


Now back to our sample test. Does it 
meet our first basic principle? It fails in 
several instances because of routine tech- 
nical matters. For example, Item 6 has 
internal evidence which makes it possible 
for a student to answer correctly without 
even knowing what a logarithm is. Sec- 
ond, one might quibble about omitting 
the base (certainly 10) in the logarithm 
notation; the “‘wise’”’ student might claim 
the given questions cannot be answered 
because the base is missing. Third, the 
student has not been directed to show his 
work in Items 7-10. Since each of these 
items involves many skills, the teacher 
cannot analyze the failure of the student 
who merely writes down the wrong answer. 

But a more important issue than such 
technical matters is an analysis of the 
objectives actually tested. Briefly, this 
test appears only to measure the follow- 
ing skills: (1) using tables; (2) finding 
characteristics; (3) quoting the product 
and quotient rules; (4) following the pro- 
cedures for the four fundamental opera- 
tions. 

Under the hypothetical circumstance 
that the course objectives were nothing 
more than teaching such skills, this is a 
satisfactory test according to our first 
basic principle. Though satisfactory, we 
still don’t like this test. Our second prin- 
ciple forces us to consider other objectives 


in teaching and testing this subject mat- 
ter. In brief, we feel that it would be 
possible to get a perfect score on the basis 
of rote learnings and mechanical manipu- 
lations, and that very little understanding 
would be required. 

What do we mean by understanding, 
and how do we test for it? We would like 
to suggest that understanding is revealed 
when the student is able to apply a con- 
cept or a principle in a novel situation. 
Novelty is, of course, a function of the 
learning experiences the student has had. 
For example, consider Item 10. If the 
class had not studied extraction of roots by 
logarithms, then this item would be novel 
and it could test understanding by re- 
quiring the student to apply his knowl- 
edge of logarithms combined with his 
knowledge of fractional exponents. 

To carry this idea further, suppose we 
wished to test a real understanding of 
characteristic as opposed to mere skill in 
counting the number of digits. Consider 
this question: 

What is the characteristic of log 227? 

The student who has merely memorized 
the rule for characteristic for base 10 
might very well give “1” as his answer 
rather than “4.” 

Or suppose one wished to test the un- 
derstanding that logarithms are expo- 
nents. We propose such items as these: 

What is log 31? 

What is log 414? 

What is log 525? 

If log .5=3 and a*=5, then r=? 

Here it seems that the student must ap- 
ply an understanding that log sn=p 
means that b?=n, if he is to arrive at the 
correct answers of 0, 1, 2, and 3, respec- 
tively. 

In similar vein, one could get at the 
product, quotient, power, and root rules 
by giving students the value of log ;3 and 
log 54, and then asking him to give the val- 
ues of log 512, log 54/3, log 59, log 52. 

Two comments seem necessary at this 
point. First, if the student has done 
specific exercises involving base 2, 3, 5, 
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14, etc.,—items somewhat like these 
above—then understanding would not be 
measured by the above items. For, to 
repeat an earlier thesis, understanding is 
revealed only if the student is required 
to apply a concept in a novel situation. In 
suggesting such questions, we assume 
therefore that the student is fully aware 
of the relationship between the logarithmic 
and exponential functions, has certainly 
constructed partial tables of logarithms to 
the base 10 and perhaps one other base as 
well, but has not met head-on with our 
suggested question situations in extensive 
periods of practice. 

The second comment is that the ques- 
tions suggested thus far deal with quite 
specific understandings. (These questions 
might very easily be framed in multiple- 
choice format.) It seems essential that 
any test contain at least one item that 
requires the student to display a broader 
understanding of the subject matter. 

For such purpose, we suggest this item 
in three parts: 


a. Make a rough sketch, on the same 
co-ordinate axes, of y=log ie and y= 
loge.z, for values of x between 0 and 10. 
Write a brief paragraph discussing the 
relationship of these two functions. 

b. When interpolating with logarithms 
to base 10, is the interpolated value less 
than, more than, or the same as the actual 
value? Why? 

ce. When interpolating with logarithms 
to base 0.1, is the interpolated value less 


than, more than, or the same as the actual 
value? Why? 


To answer such a question seems to re- 
quire a rather broad concept of logarithms. 
It is one that could probably appear in 
essay form only. In proposing it, our 
purpose is illustrative only, and we apolo- 
gize for leaving unsettled the precise 
wording and scoring of problems involved. 
But space is limited; perhaps you, the 
reader, would care to contribute an article 
devoted to a discussion of such problems. 

Before concluding this first edition of 
“Testing Time,” we should like to pro- 
pose a situation which might lead to 
another novel question to test student 
understanding. 

By analogy to the usual definition of 
logarithms (“log »n=p” means ‘‘b?=n’’), 
we introduce the notion of kogarithms 
which are defined by the relation: 


“kog °n=b” means ‘b?=n’’. 


(We may read “kog ?n” as “kog, upper 
p, of n’’.) For example, what is kog *8? 
Answer: 2. In general, what are the proper- 
ties of kogs as compared with those of 
logs? 

We hope that some of you will mull over 
this proposal and perhaps send us a con- 
tribution based thereon. 

In conclusion, how would or do you, 
the reader, measure understanding? What 
is your reaction to the main theses of this 
first article? And finally, “Contributions, 


anyone?” 





I believe that mathematical reality lies out- 
side us, that our function is to discover or ob- 
serve it, and that the theorems which we prove, 
and which we describe grandiloquently as our 
“creations” are simply our notes of our observa- 
tions—Hardy, A Mathematician’s Apology. 
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Report of the Nominating Committee 


The Committee on Nominations and 
Elections presents below the names of 
persons nominated for offices to be filled 
in the election of 1957. The term of office 
for the Vice-Presidents is two years. Three 
directors are to be elected for terms of 
three years. 

Attention is called to the following pro- 
visions adopted by the board of directors. 

“Nominations shall be made so that 
there shall be not more than one director 
elected from each state, and that there 
shall be one director, and not more than 
two, elected from each area.” For a map 
of the regions as now constituted, mem- 
bers may consult THe MATHEMATICS 
Teacuer for October, 1955, page 442. 
Under the regulation quoted above it is 
necessary to insure the election of at 
least one director each from the Western 
and Southeastern Regions. To avoid a 
situation in which nomination would be 
equivalent to election, the Committee has 
nominated two candidates from the West- 
ern Region and two candidates from the 
Southeastern Region, and has adopted the 
following rule for determining who shall 
be declared elected as directors: 


The three candidates receiving the 
largest number of votes will be declared 
elected, provided the Western and South- 
eastern Regions are each represented 
among these three candidates. If either of 
these two regions should not be so repre- 
sented, then the candidate, within that 
region, receiving the larger number of 
votes will be declared among those 
elected. 

Ballots will be mailed on or before 
February 6, 1957 from the Washington 
office to members of record as of that date. 
Ballots returned and postmarked not 
later than March 6, 1957 will be counted. 

The Committee wishes to thank all 
those who suggested persons for considera- 
tion and urges all members to vote. 


F. Lynwoop Wren, Chairman 
Auice M. Hacu 

Maurice HARTUNG 

JANET HEIGHT 

CuaRK Lay 

ZEKE LOFLIN 

JoHN Mayor 

Bess Patron 

Puitie PEAK 


NOMINEES FOR VICE-PRESIDENT—COLLEGE LEVEL 


Rosert E. Prinery 


Henry W. SYER 
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Robert E. Pingry 


Associate Professor of Mathematics and 
of Education, University of Illinois. 

A.B. and A.M., Ball State Teachers 
College; Ph.D., Cornell University. 

Teacher of Mathematics, Mitchell, In- 
diana High School; Teacher of Physics, 
Chemistry, and 
Indiana High School and Junior High 
School; Instructor in Mathematics and 
Navigation, U.S. Naval Reserve Midship- 
man’s School, Cornell University; Navi- 
gator of an aircraft carrier on Pacific duty; 
Instructor in Mathematics, Bowling Green 
State University; Teaching Assistant in 
Mathematics, Cornell University; Visiting 
Lecturer in Education and in Mathe- 
matics, University of Colorado. 

Member: NCTM, Mathematical Asso- 
ciation of America, Illinois Council of 
Teachers of Mathematics, Phi Delta 
Kappa, Phi Kappa Phi, Kappa Delta Pi, 
AAUP. 

Activities: Member Join. Committee 
of NCTM and MAA on teacher education 
in mathematics, 1953-54. Member of 
NCTM committee on research in algebra, 
1953-55. Editor of Newsletter of Illinois 
Council of Teachers of Mathematics. 
Member of Executive Board of Illinois 
Council of Teachers of Mathematics. 
Member of Committee on Contests and 
Awards of the Illinois Section of the 
Mathematical Association of America. 
Numerous speeches and papers at mathe- 
matics conferences, teachers’ institutes, 
and National Council meetings. 

Publications: Coauthor, ‘‘Problem Solv- 
ing in Mathematics,” Chapter 8, Twenty- 
First Yearbook of NCTM. Coauthor of a 
series of junior high school textbooks in 
general mathematics, Using Mathematics, 
7-9. Articles in THe MarTHemartics 
TEACHER, Journal of Experimental Educa- 
tion, and The Education Digest. 


Henry W. Syer 


Associate Professor of Education, Bos- 
ton University, Boston, Massachusetts. 


Mathematics, Griffith, © 


In charge of Teaching of Mathematics, 
Audio-Visual Education, and Director of 
Travel Courses. 

B.S., M.A. and Ed: D., Harvard Uni- 
versity. 

Instructor in mathematics and science, 
Gunnery School, Washington, Connecti- 
cut; Instructor in mathematics, Culver 
Military Academy, Culver, Indiana; U. 8. 
Army, Anti-aircraft Artillery (Computer 
Section) and Signal Corps (Photographic 
Section) ; Assistant and associate professor 
of education, School of Education, Boston 
University; Visiting professor, School of 
Education University of Michigan. 

Member: NCTM, Association of Teach- 
ers of Mathematics in New England, 
NEA, AAAS, MAA, Phi Beta Kappa, Phi 
Delta Kappa. Listed in: Leaders in Educa- 
tion, Who’s Who in Education, and Who’s 
Who in the East. 

Activities in NCTM: Coeditor, ‘Aids to 
Teaching” Department, THe MarTue- 
MATICS TEACHER, 1948-1954; Committee 
on Evaluation of Films and Filmstrips, 
1948-1957 (Chairman, 1948-1951); Com- 
mittee on Institutes, Workshops, and 
Conferences, 1948-1957; Board of Direc- 
tors, 1949-1952; Associate editor, THE 
MATHEMATICS TEACHER, 1950-1952; 
Chairman, Committee on Supplementary 
Publications, 1950-1955 (Called “Com- 
mittee on Publications of Current Inter- 
est,” 1950-1953); Committee on Evalua- 
tion and Research, 1951-1953; Program 
Committee, 12th Summer Meeting, held 
jointly with N.E. Institute, 1952; Com- 
mittee on Materials, Summer Meeting, 
1954; Yearbook Planning Committee for 
“Basie Concepts in Mathematics,” 1954— 
1957; Committee on International Co- 
operation in Mathematics, 1954-1957 
(Chairman, 1956-1957); Co-operative 
Committee on Science and Mathematics 
of the AAAS, 1954-1957; Planning Com- 
mittee for Local Arrangements, Annual 
convention, Boston, 1955; Participant in 
conventions (speaker, leader of film for- 
ums, demonstration lesson, science demon- 
stration, etc.), 1938-1957. 
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Other Activities: in Association of 
Teachers of Mathematics in New England: 
Organizer and first general chairman, 
1949; Member of Council, 1950-1955; 
Chairman, Committee on Publicity and 
Publications, 1950; Committee on Mathe- 
matical Games and Puzzles, 1950-1951 
(Chairman, 1951); Program Committee, 
1952-1955; Mathematics Contest Com- 
mittee, 1952-1953; Vice-President, 1954— 
1957; Chairman, Committee on Member- 
ship and Hospitality, 1956-1957. Other 
activities: Consultant.to Commission on 
Motion Pictures, American Council on 
Education, 1947-1948; Committee on 
Mathematics for Journal of American As- 
sociation of Colleges of Teacher Education, 
1953; United States sub-committee of 
International Instruction Committee for 
Mathematics of International Union of 


Mathematics, 1952-1955; Committee on 
National Mass Media Awards for Thomas 
Alva Edison Foundation, 1955; Commit- 
tee on Recruitment and Guidance Ma- 
terial for Science and Mathematics, AAAS, 
1955-1957; Representative, Council on 
Student Travel, 1955-1957; Examiner in 
Audio-Visual Education, Massachusetts 
Civil Service, 1951-1955; Tour leader, 
Boston University Travel Courses, 1953 
(Mathematics Tour), 1955; European Co- 
ordinator, Boston University Travel 
Courses, 1956; Curriculum consultant in 
mathematics; Consultant on filmstrips. 

Publications: Numerous articles in: 
School Science and Mathematics, THE 
Matuematics TEeacuHer, The Philosophi- 
cal Forum, Film News, Audio-Visual 
Guide, and chapters in Yearbooks of 
NCTM. 


NOMINEES FOR VICE-PRESIDENT—JUNIOR HIGH SCHOOL LEVEL 


Auice M. Hacu 


Alice M. Hach 


Consultant in Mathematics, Racine 
Public Schools. 
B.A., University of Iowa; M.A., Uni- 


versity of Michigan. 


ELIZABETH JEAN ROUDEBUSH 


Teacher, Junior High School Mathe- 
matics, Stuart, Iowa, Fort Dodge, Iowa, 
Racine, Wisconsin, Ann Arbor, Michigan; 
Critic teacher, University High School, 
Ann Arbor, Michigan; Consultant in 
Mathematics, Racine Public Schools. 
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Member: NCTM; CASMT; NEA;; Wis- 
consin Education Association; Michigan 
Council of Teachers of Mathematics; 
Women’s Mathematics Club of Chicago 
and Vicinity; Association of Childhood 
Education; Wisconsin Mathematics Coun- 
ceil; Pi Theta; Delta Kappa 
Gamma. 

Activities in NCTM: Member of Place 
of Meetings Committee; Editorial Board 
of forthcoming Yearbook; Cochairman for 
local arrangements of summer meeting of 
NCTM, Kalamazoo, Michigan, 1953; 
Committee member of the mathematics 
number of the National Association of 
Secondary School Principals Bulletin, May, 
1954; Cochairman for local arrangements 
of annual meeting of NCTM, Milwaukee, 
1955; pro- 
grams. 

Other activities: President and Vice- 
President of Iowa Mathematics Associa- 
tion; Member of Curriculum Committee 
for State of Iowa; Chairman of Mathe- 
matics Section for Michigan Schoolmas- 
ters’ Club; Member of Board of Directors 
for Michigan Council of Teachers of Mathe- 
matics; Chairman of Mathematics Section 
for Michigan State Association; Director 
of Arithmetic Summer Workshops, East- 
ern Oregon College of Education, La- 
Grande, 1952, 1953; Oregon College of 
Education, Monmouth, 1954; Staff Mem- 
ber of Summer Institutes, Mathematics 
Teachers of New Jersey, Rutgers Univer- 
sity, 1955, New England Teachers of Math- 
ematics, Williams College, 1956; President 
of Pi Lambda Theta, Beta Chapter; Mem- 
ber of Resolutions Committee for CASMT, 
Certificate Award from Quiz Kids for be- 
ing one of most popular classroom teachers 


Lambda 


Appearance on convention 


in nation; Summer Camp Conservation 
Scholarship, Ann Arbor Michigan Garden 
Club; Treasurer of Delta Kappa Gamma 

Beta Chapter; Listed in Who’s Who in 
American Education. 

Publications: T’wenty-Second Yearbook 
of NCTM: “Reporting to Parents Pupil 
Progress,”’ “Importance of Early Guidance 


at Junior High School Level”; THe Maru- 
EMATICS TEACHER: “A Project Giving 
Practice in Reading and Writing Roman 
Numerals,” ‘‘As Others Saw Him’’—The 
Schorling Number; Junior Scholastic: 
“Junior Scholastic Brings a Fresh Ap- 
proach to Problem Solving.” 


Elizabeth Jean Roudebush 


Director of Mathematics from Kinder- 
garten through Grade Twelve for Seattle 
Public Schools, Seattle, Washington. 

Graduate of State College of Washing- 
ton, Pullman, Washington: A. M., Teach- 
ers College, Columbia University; summer 
sessions at University of Washington, 
University of California at Los Angeles, 
and University of Southern California. 

Teacher, Mathematics, Roosevelt High 
School, Seattle, Washington; Mathemat- 
ics Department Head, Edison Technical 
School, Seattle, Washington; Director of 
Mathematics, Seattle, 1949—. During 
World War II served in WAVES as 
Women’s Reserve Representative at U. 8S. 
Naval Hospital in Chelsea, Massachusetts. 

Member: NCTM; ASCD; NEA; Wash- 
ington Education Association (Past Presi- 
dent of local group affiliated with WEA 
and NEA); Delta Kappa Gamma (Past 
Vice-President of local chapter); Pi 
Lambda Theta (Past President of local 
alumnae chapter). 

Activities in NCTM: Member, Board 
of Directors, 1953-56; Regional Repre- 
sentative of Western Region of Affiliated 
Groups; Chairman of Place of Meetings 
Committee; Cochairman in Charge of 
Local Arrangements for 1954 Summer 
Meeting; Section Speaker at 1953 Christ- 
mas Meeting; Chairman of Affiliated 
Groups 1956-59. 

Other Activities: helped organize Puget 
Sound Council of Teachers of Mathe- 
matics; helped organize Washington State 
Mathematics Council. 

Publications: Laboratory Geometry; “‘An 
Arithmetic Bulletin for Parents,” Tuer 
MaTHEMATICS TEACHER, May, 1951. 
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NOMINEES FOR THE BOARD OF DIRECTORS 


CuIFFORD BELL 


HELEN L. GARSTENS 


Clifford Bell 
Western Region 
Professor of Mathematics and Head of 
Mathematics Extension, Los Angeles 
Campus, University of California. 
B.S. and Ph.D., University of Cali- 
fornia, Berkeley. 
Teaching Fellow, University of Cali- 
fornia Berkeley; Instructor to Professor, 
University of California, Los Angeles; 


Sytv1a VopNrI 


ANNIE JOHN WILLIAMS 


Rosert E. K. Rourke 


LoTrcHEN Lipp HuNTER 


Educational Supervisor in Charge of 
Mathematics Courses, Southern California 
area, University of California ESMWT 
program. In charge of teacher-training 
courses in Department of Mathematics, 
University of California, Los Angeles. 
Member: NCTM, California Mathe- 
matics Council, NEA, MAA, AMS, AAAS, 
and a number of honor societies. Listed in 
American Men of Science, Who’s Who in 
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Education and other biographical books. 

Activities in NCTM: Membership Com- 
mittee; Institute Committee; Joint Com- 
mittee on Co-operation with Industry and 
the later Committee on Co-operation with 
Industry; Curriculum Committee; Publi- 
cations Board; Nomination and Election 
Committee (1955); Chairman, Local Ar- 
rangements Committee, Fourteenth 
Christmas Meeting in Los Angeles; Co- 
chairman, Sixteenth Summer Meeting in 
Los Angeles. 

Other activities: Chairman of the Plan- 
ning Committee of the Annual California 
Conference for Teachers of Mathematics 
and Director of the Conference. 

Coauthor of textbooks in trigonometry, 
commercial algebra, and the mathematics 
of finance. Author of articles in the Bulle- 
tin of the American Mathematical So- 
ciety, The American Mathematical Month- 
ly, THe Marsematics Treacuer, The 
Arithmetic Teacher, other national and for- 
eign journals. 


Sylvia Vopni 
Western Region 

Assistant Professor of Education, Uni- 
versity of Washington, Seattle, Washington. 

B.A., M.A., Ph.D., University of Wash- 
ington. 

Teacher of mathematics and science, 
public schools of Washington State; physi- 
cist, Navy Department; teacher of mathe- 
matics and physics, Edison Technical 
School; Northwest Regional Soroptimist 
Fellowship in Education; head of depart- 
ment of mathematics and science, Edison 
Technical School; Assistant Researcher in 
Education, University of Washington, also 
teaching summer school and extension 
division classes in education and mathe- 
matics; Acting Assistant Professor of Edu- 
cation. 

Member: NCTM; MAA; AAAS; Ameri- 
can Statistical Association; Washington 
Council of Mathematics Teachers; NEA; 
ASCD; Washington Education Associa- 
tion; American Association of University 
Women; Phi Beta Kappa; Pi Lambda 


Theta; Delta Kappa Gamma; Pi Mu Epsi- 
lon. 

Activities in NCTM: Cochairman on 
Local Arrangements, Fourteenth Summer 
Meeting, 1954; discussion leader or partici- 
pant on NCTM programs, 1949, 1953 
1954, 1956; member of committees on tele- 
vision, scholarships, and summer confer- 
ences. Western Vice-President, Washing- 
ton Council of Mathematics Teachers, 
1955- 

Other Activities: President, Seattle As- 
sociation of Classroom Teachers; presi- 
dent, Omicron Chapter, Delta Kappa 
Gamma; national vice-president, Pi 
Lambda Theta. Participant in several 
mathematics conferences and summer in- 
stitutes. 

Publications: Associate editor, Pi 
Lambda Theta Journal, 1946-49; feature 
editor, Educational Horizons, 1954-55; 
“Nation’s Mathematics Teachers Coming 
West.” Washington Education, 1954; 
“Resources in the Teaching of Elementary 
School Science.” College of Education Rec- 
ord, March, 1955; ‘‘“Mathematics and the 
Humanities,” College of Education Record, 
May, 1955. 


Robert E. K. Rourke 
Northeastern Division 


Head of Department of Mathematics, 
Kent School, Kent, Connecticut. 

Honour B.A., Queen’s University, 
Kingston, Ontario; A.M., Harvard; course 
work for doctorate in mathematics, Har- 
vard. 

Teacher, Head of Mathematics Depart- 
meut, Headmaster, Pickering College, 
Newmarket, Ontario. 

Activities: Past President of Ontario 
Association of Teachers of Mathematics 
and Physics; former executive of Canadian 
Mathematical Congress; member of Com- 
mission on Mathematics of CEEB. 

Publications: Coauthor of An Advanced 
Course in Algebra; Trigonometry and Sta- 
tistics; Mathematics for Canadians, Books 
I, II, III; articles in professional periodi- 
cals, 
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Helen L. Garstens 
Southeastern Region 


Assistant in Charge of Mathematics, in 
Office of Secondary Supervision, in Arling- 
ton County, Virginia. 

Graduate of Hunter College; post- 
graduate work in mathematics at Colum- 
bia University; additional summer study 
at University of Virginia, Georgetown 
University. 

Teacher, elementary schools and sec- 
ondary schools of Arlington County, sec- 
ondary schools of New York City, and at 
Hunter College and Brooklyn College in 
New York City. 

Member: AEA, VEA, NEA, NCTM, 
Theta Mu Tau, Pi Mu Epsilon, Phi Beta 
Kappa. 

Activities: Instrumental in organizing 
an Arlington Group of NCTM; Chairman 
of Arlington Group, responsible for affilia- 
tion, arranging programs, etc.; served on 
Advisory Board for Washington meeting 
of NCTM in December 1955. Present posi- 
tion_involves providing leadership and ac- 
tive participation in curriculum develop- 
ment, in organizing in-service programs 
for professional improvement, in providing 
assistance to teachers of secondary mathe- 
matics in all phases of classroom activity. 
Worked closely with the National Science 
Foundation in Washington D.C. and on 
the Scholarship Committee of Arlington 
County Schools, in developing and estab- 
lishing the “Arlington Plan” of scholar- 
ships to teachers for advanced study. 


Annie John Williams 
Southeastern Region 


Teacher of Mathematics, Durham High 
School, Durham, North Carolina. 

A.B., Greensboro College; M.A., Uni- 
versity of North Carolina; additional 
graduate study at North Carolina State 
College and Duke University; attended 
Mathematics Institutes of Duke Univer- 
sity (1944, 1946-52), New England (1952), 
and University of Virginia (1953-54); at- 
tended Laboratory Conference for Teach- 


ers of Science and Mathematics, Duke 
University, 1953-54, 1956 (Instructional 
Staff, 1956). 

Teacher of Mathematics, Blackstone 
College, Blackstone, Virginia; Hoke High 
School, Raeford, North Carolina; Massey 
Hill High School, Fayetteville, North 
Carolina; Alexander Graham Junior High 
School, Fayetteville, North Carolina; Jul- 
ian 8S. Carr Junior High School, Durham, 
North Carolina. 

Member: NCTM; NEA; MAA; 
CASMT; North Carolina Education As- 
sociation (President, Department of Math- 
ematics, North Central District, 1949-50; 
State President, Department of Mathe- 
matics, 1954-55; Chairman, Program 
Committee, Mathematics Conference, Uni- 
versity of North Carolina, 1954-56); Dur- 
ham City Education Association (Treas- 
urer, 1945-46); AAUW (Vice-President, 
Local Branch, 1946-48); Steward, Duke 
Memorial Methodist Church; Delta Kappa 
Gamma (Recording Secretary of Eta 
Chapter, 1956—_). 

Activities in NCTM: North Carolina 
State Representative, 1947-54; Delegate 
to Delegate Assembly, 1953, 1955-56; 
Member, Agenda Planning Committee for 
the Seventh Delegate Assembly; Member, 
Committee on Relations with the NEA; 
appearance on convention programs. 

Publications: “Organizing a Mathe- 
matics Club,” THe MATHEMATICS 
Teacu_ER, February, 1956. 


Lottchen Lipp Hunter 
Southwestern Region 


Curriculum Consultant for the public 
schools of Wichita and educational insti- 
tutes in Kansas, and Head of Mathematics 
Department, Wichita High School West. 

A.B. degree, magna cum laude, Univer- 
sity of Wichita, M. A., Teachers College, 
Columbia University, Ph.D. Columbia 
University. 

Teacher, junior and senior high schools 
of Wichita, Kansas; Summer sessions, Uni- 
versity of New Mexico and University of 
Wichita. 
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Member: NCTM; Phi Lambda Theta; 
Kappa Delta Pi; American Association of 
University Women; National Society for 
the Study of Education; ASCD; NEA; 
KSTA; and the Wichita and Kansas A ffili- 
ated Groups of NTCM. 

Activities: State President of the Kansas 
Association of Teachers of Mathematics 
local Affiliated 


and: chairman for the 


Group. 


Publications: Articles in the Twenty- 
Second Yearbook of the NCTM and The 
Bulletin of the Kansas Association of 
Teachers of Mathematics; curriculum 
pamphlets: A Look around Wichita at the 
Use of Mathematics in the Home, Business, 
and Industry; Group Dynamics in Sec- 
ondary School Mathematics; Understanding 
the Why and How of Mathematics through 
Things to Make and Do. 





Your professional dates 


The information below gives the name, date, 
and place of meeting with the name and address 
of the person to whom you may write for 
further information. For information about 
other meetings, see the previous issue of THE 


MATHEMATICS TEACHER. Announcements for 
this column should be sent at least ten weeks 
early to the Executive Secretary, National 
Council of Teachers of Mathematics, 1201 
Sixteenth Street, N.W., Washington 6, D. C. 


NCTM convention dates 


ANNUAL MEETING 

March 28-30, 1957 

Bellevue-Stratford Hotel, Philadelphia, Penn- 
sylvania 

M. Albert Linton, William Penn Charter School, 
Philadelphia, Pennsylvania 

JOINT MEETING WITH NEA AND NSTDA 

July 1, 1957 

Philadelphia, Pennsylvania 

M. H. Ahrendt, 1201 Sixteenth Street, N.W., 
Washington 6, D. C. 


SUMMER MEETING 


August 19-21, 1957 

Carleton College, Northfield, Minnesota 

Margaret Linster, St. Louis Park High School, 
Minneapolis 16, Minnesota, or Kenneth O. 
May, Carleton College, Northfield, Minne- 
sota 


Other professional dates 


Women’s 
Vicinity 


February 9, 1957 


Mathematics Club of Chicago and 


Tearoom of The Fair Store, State and Adams 
Streets, Chicago, Illinois 


Ruth Woerner, 11715 


Park, Illinois 


82nd Court, Palos 
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WELCHONS »* 


TEXTBOOKS OF 
DISTINCTION 





ALGEBRA 
BOOK ONE 


Elementary Course 
Revised 


Simple, thorough, step-by-step 
presentation with much use 
of color for emphasis. 3 levels 
of work provide for individual 
differences, Many practical 
problems. Achievement Tests. 
Teachers’ Manual 


WELCHONS ° 


NEW PLANE 
GEOMETRY 


Thorough, clear explanations. 
A gradual approach to formal 
proof. Full outlines of basal 
theorem proofs and help in 
solving original exercises. 
Graded exercises. Word lists. 
Achievement Tests. Teachers’ 
Manual and Answer Book. 


KRICKENBERGER 


FOR AN EFFECTIVE PROGRAM 
in MATHEMATICS 


¢ PEARSON 


ALGEBRA 
BOOK TWO 


Revised 


Extended treatment of linear 
functions and function rela- 
tions. Insures a good founda- 
tion for physics and chemistry 
as well as for further work in 
mathematics. Uses color to 
simplify teaching. In press 
Achievement Tests. Teachers’ 
Manual 


KRICKENBERGER 


NEW SOLID 
GEOMETRY 


Clear, concise presentation 
helps the student acquire 
spatial concepts, perceive re- 
lationships, and make practi- 
cal use of solid geometry. 
Graded exercises. A thorough 
review program. 


TRIGONOMETRY 
WITH TABLES 


Clear treatment of inverse 
functions, complex numbers, 
and hyperbolic functions. 
Simple, understandable lan- 
guage. Graded exercises. Color 
in diagrams and visual aids. 


Home Office: Boston * Sales Offices: New York 11 
Chicago 6 
Columbus 16 


e Atlanta 3 “ 








Dallas 1 
* San Francisco3 * Toronto 7 











Published January 2, 1957 














PLANE 
GEOMETRY 


by 


Schacht 


and 


McLennan 


You will certainly want to ex- 
amine this superb contribution 
to the teaching of mathematics. 


If you are considering a change 
in textbook, write for an ex- 


amination copy. 





HENRY HOLT AND COMPANY 


New York Chicago Dallas 


Atlanta San Francisco 


Join the 26,000 others 
who read the 














MATHEMATICS 
STUDENT JOURNAL 


A quarterly publication 
of the 
National Council of Teachers 


of Mathematics 


Written for secondary-school students. 


Gives enrichment and recreational ma- 


terial. 


Contains a problem section to which 
students may contribute problems and 


solutions. 


Students look forward eagerly to its 


arrival. 


Two issues each semester, in October, 


December, February, and April. 


Sold only in bundles of 5 copies or 
more. Price computed at single-copy 
rates of 20¢ per year, 15¢ per semester, 
making the minimum order only $1.00 


per year or 75¢ per semester. 
Please send remittance with your older 


NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. 
Washington 6, D.C. 




















CORNELL STANFORD 
UNIVERSITY UNIVERSITY 
at at 
Ithaca, New York Stanford, California 
AND 
The Shell Companies 


Foundation, Incorporated 


ANNOUNCE 1957 SUMMER LEADERSHIP TRAINING PROGRAMS FOR 
SECONDARY SCHOOL CHEMISTRY, MATHEMATICS AND PHYSICS TEACH- 
ERS; SUPERVISORS OF SCIENCE OR MATHEMATICS, AND DEPARTMENT 
HEADS, SHELL MERIT FELLOWSHIPS WILL BE AWARDED TO THE 
EIGHTY OR MORE SELECTED PARTICIPANTS. 


The purposes of the University programs are the same; namely, to provide recogni- 
tion for and specialized help to individuals who are demonstrating the qualities neces- 
sary for distinguished leadership in the improvement of science and mathematics 
teaching in secondary schools. The programs will provide experiences and studies that 
will help such persons to improve their own work and to develop ways and means of 
assisting other teachers in their school, community, and region. 


The ultimate objectives are; a greatly increased number of citizens well informed 
about the role of science and mathematics in human affairs, and opportunities for 
promising youth to secure adequate secondary school preparation for the beginning 
of studies pointing toward careers as scientists, mathematicians, engineers, and teachers. 


The programs will include courses, special lectures, discussions, visits to research 
and production establishments, and informal interviews with outstanding scientists, 
mathematicians, and educators. Those selected will be expected to pursue one or more 
projects related to instruction in their subject area and pointing toward leadership 
efforts in their own community. 


Teachers with at least five years of high school experience in chemistry, mathe- 
matics or physics teaching; good leadership ability; and the prospect of many years 
of useful service in the improvement of chemistry, mathematics, or physics teaching 
are eligible. Heads of departments and supervisors with good preparation in chemistry, 
mathematics, or physics who formerly were teachers in one or more of these fields are 
also eligible. An interest in further studies in one and preferably more of the indicated 
subjects will be expected. Evidences of leadership potential will be significant factors in 
the selection. 


The persons who are selected by each institution for Shell Merit Fellowships will 
receive free tuition and books, board and lodging, and a travel allowance. Each will 
also receive $500 to help make up for the loss of potential summer earnings. 


Inquiries from teachers east of the Mississippi should be directed to Dr. Philip G. 
Johnson, Stone Hall, Cornell University, Ithaca, New York. Interested teachers who 
reside west of the Mississippi should write to Dr. Paul DeH. Hurd, School of Educa- 
tion, Stanford University, Stanford, California. 


(Paid advertisement) 














e First Year Algebra 


e Second Year Algebra 
W. W. HART, SCHULT, AND SWAIN 


HESE NEW algebras combine a modern point of view with 
T the strong, time-tested features of the earlier Hart books. 
You will like the reasonable approach and effective organiza- 
tion of material, the sound instructional methods, and the 
definite procedures based on broad experience. 
Answers, Teacher's Manual, and Keys 


D. C. Heath and Company 


Sales Offices: Englewood, N.J., Chicago 16, San Francisco 5, 
Atlanta 3, Dallas 1 
Home Office: Boston 16 














Gives the list of individual members of the National Council of Teachers of 
Mathematics as of June 15, 1956. 
Contains both alphabetical and geographical listings. 
Of value to persons planning programs, affiliated groups, and any others nced- 
ing the names of members of the Council. 

132 pages. Price $1.00. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W., Washington 6, D.C. 














Introducing Gerry-Graph, fictitious animal and 
hero of 8 new filmstrips ‘Learning New Num- 
bers—Fractions."’ For information and free pre- 
view write Filmstrip House, 347 Madison 
Avenue, New York 17, N.Y. 

















230 years 
ay nf have made 
Thi Book atend a difference 


And after flay. in the quality of textbooks and teach- 


A Dog will bite ing aids, Even the past 10 years have 
aA Thief at Night. seen amazing improvements. Today’s 
Macmillan text is an effective teach- 
ing tool—bright, readable, and crisply 


written. 





An Eagle’ flight 
Is out of fight. 
ee The idle Fool 
j 1s whipt at School Built-in aids—lesson plans and prac- 
tice, testing and skill development 
programs, organized in convenient 
teaching units, help you teach crea- 











(A page from The New England Primer, 1727) tively. 


Colorful, functional illustrations and clear type help you attract 
and hold student attention. 


A variety of activities, plus stimulating materials for enrichment 


and review help you provide for individual differences. 


Written by experts who know the teacher's classroom problems, 


Macmillan texts are authoritative and complete. 





Lennes-Maucker-Kinsella Elliot-Wilcox 


A First Course in Algebra Physics—A Modern Approach 


A Second Course in Algebra Sarnerd-Sdwards 
1957 Editions The New Basic Science 














The Macmillan Company 


60 Fifth Ave. 2459 Prairie Ave. 1360 Spring St., N.W. 501-7 Elm St. 111 New Montgomery St. 
New York I! Chicago 16 Atlanta ? Dalias 2 San Francisco 5 








Don’t Miss These 
Successful New Publications 


RECREATIONAL MATHEMATICS, by W. L. Schaaf 


This bibliography, probably the most comprehensive ever published, lists recreational 
materials in 58 categories under the following main headings: general works, arith- 
metical and algebraic recreations, geometric recreations, assorted recreations, magic 
squares, the Pythagorean relationship, famous problems of antiquity, and mathematical 
miscellanies. 136 pages. $1.20. 


GEOMETRY GROWING, by W. R. Ransom 


An interesting collection of materials. Presents “bits of geometry growing” from 
Pythagoras to Newton. Valuable for enrichment. Throws new light on many famous 
theorems. 40 pages. 75¢ each. 


BYROADS OF ALGEBRA, by Margaret Joseph 


Gives enrichment material on the level of high-school algebra. Discusses algebra to 
simplify arithmetic computations, number puzzles, and algebraic acrobatics. Useful for 
class or club. 16 pages. 40¢ each. 


HOW TO STUDY MATHEMATICS, by Henry Swain 


A popular seller, this handbook was prepared for high-school students and written 
in their language. Contains many practical suggestions for succeeding in homework, 
classwork, taking tests, and the like. Gives special suggestions for studying some of 
the difficult areas in high-school mathematics. Illustrated. 32 pages. 50¢ each. 


A PORTRAIT OF 2, by Lawrence A. Ringenberg 


Written to enlarge the reader's concept of number, this pamphlet discusses the 
number 2 from the viewpoint of modern number theory. 48 pages. 75¢ each. 


Postpaid if you send remittance with order. 


Quantity discounts. 


NATIONAL COUNCIL OF TEACHERS OF MATHEMATICS 
1201 Sixteenth Street, N.W. Washington 6, D.C. 

















UY ()N 
PIONEER IN THE 


MANUFACTURE OF 
TEAM GENERATING Submit Resume to 


5 WiPHENT Frederic A. Wyatt 


COMBUSTION ENGINEERING, INC. 


REACTOR DEVELOPMENT DIVISION, WINDSOR, CONN. 











Welch 


Logarithm and Trigonometric 
Function Tables on Cards 


Especially suited for STUDENT USE 
in Mathematics—Physics 
and Chemistry Courses in 
High Schools and Colleges 


Size—Each card is 8!/2 x 11 inches 

Printed in black and red on stiff paper 

Logarithm Function Tables on one side 
Trigonometric Functions on the other side. 


Each Card laminated with clear plastic which improves wearing qualities 
and discourages students writing on them 


No. 592 LOGARITHM and TRIGONOMETRIC FUNCTION TABLES, 
3-hole, punched for Standard 3-ring note-book binders. 


Per Package of 25 $3.50 
Furnished only in packages of 25. 


; W. M. WELCH ; 
SCIENTIFIC 


|| COMPANY 1515 Sedgwick Street, Chicago 10, Illinois, U.S.A 
CI ss = oe een nr rrr 











